COHOMOLOGY AND DEFORMATION THEORY OF MONOIDAL 

2-CATEGORIES I 

JOSEP ELGUETA 



Abstract. In this paper we define a cohomology for an arbitrary i^-Iinear semistrict semi- 
groupal 2-category (£, ®) (called for short a Gray semigroup) and show that its first order 
(unitary) deformations, up to the suitable notion of equivalence, are in bijcction with the ele- 
ments of the second cohomology group. Fundamental to the construction is a double complex, 
similar to the Gerstenhabor-Schack double complex for bialgebras, the role of the multiplica- 
tion and the comultiplication being now played by the composition and the tensor product of 
1-morphisms. We also identify the cohomologics describing separately the deformations of the 
tensor product, the associator and the pcntagonator. To obtain the above results, a cohomol- 
ogy theory for an arbitrary ii'-linear (unitary) pseudofunctor is introduced describing its purely 
pse udofunctorial deformations, and generalizing Yetter's cohomology for semigroupal functors 
|38|. The corresponding higher order obstructions will be considered in detail in a future paper. 



1. Introduction 

This is the first of two papers where we intend to give a cohomological description of the 
infinitesimal deformations of a monoidal 2-category. 

Roughly speaking, a monoidal 2-category is a 2-category equipped with a binary operation, 
usually called the tensor product^ defined at the three levels existing in any 2-category, i.e., ob- 
jects, 1-morphisms and 2-morphisms, and which is associative and with a unit up to suitable 2- 
isomorphisms. Actually, in this paper we will consider the more general structure of a semigroupal 
2-category £, namely, a 2-category with a tensor product as above but which is only associative (up 
to a suitable 2-isomorphism) with no unit. More explicitly, we show that the first order (unitary) 
deformations of such an object £ can be identified with the elements of some cohomology group 
associated to £. The generalization to the case of monoidal categories and the question of the 
obstructions will be treated in a future paper. 

This work is an extension to the context of 2-categories of the theory developped by Crane and 
Yctter for semigroupal categories [|j and by Yetter for braided monoidal categories , , which 
are in turn an extension to the context of (l-)categories of Gerstenhaber's work on deformations 
of algebras [OyH, later generalized to the case of Hopf algebras by Gerstenhaber and Schack 



]16| (see also |15|,[|17|). These classical works should be viewed as the corresponding theories in 
the so-called 0- dimensional algebra setting Q, which is the algebra in the context of sets. The 
situation can be schematically represented as in the table below. This table is the if-linear version 
of the first two rows in the table of k-tuply monoidal n-categories of Baez and Dolan; see 
Table I. The n here denotes the "dimensionality" of the algebraic framework we work with. So, 
dimension n corresponds to work in the context of n-categories, a natural generalization of the 
notion of 2-category where we also have 3-morphisms between the 2-morphisms, and so on, until 
n-morphisms between {n — l)-morphisms. 
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n=0 


n=l 


n=2 


k=0 


X-vector 
space 


i^-linear 
category 


if -linear 
2-category 


k=l 


K-algehra 
(Gerstenhaber' s work) 


/v-linear 
monoidal category 
(Crane-Yetter's work) 


if-linear 
monoidal 2-category 



Notice that going from the top to the bottom row along the diagonal corresponds to taking the 
one object case (for example, a isT-linear category of only one object is exactly the same thing as 
a iiT-algebra) . For a more expanded explanation of this table, see the reference above. 

This idea of generalizing Gerstenhaber's work to 1- and 2-categories comes from the important 
notion of categorification, which in the table corresponds to moving to the right. It first appears in 
the work by Crane and Frenkel |^ on Hopf categories, although it seems it was already present in 
Grothendieck's thought. A Hopf category is an analog of a Hopf algebra where the underlying K- 
vector space has been substituted by a special kind of K-lineax category, usually called a 2-vector 
space over K. For a more precise definition, the reader is refered to Neuchl's thesis [Q. The basic 
idea behind the notion of categorification is that constructions from usual algebra can be translated 
to the level of categories and to higher levels, the n-categories, for n > 1, making one essential step: 
to substitute equations for isomorphisms. The price to pay is that it is necessary to simultaneously 
impose equations on these isomorphisms, which are the so-called coherence relations. These ideas 
have been developed by different authors, in particular. Crane and Yetter Q and in the more 
general language of n-categories, Baez and Dolan (see, for ex., |^). 

Apart from its own interest, our motivation for studying deformations of monoidal 2-categories 
has to be found in its potential applications to the construction of interesting four dimensional 
Topological Quantum Field Theories (briefly, TQFT's). Indeed, in g, Cr ane and Frenkel suggest 
that Hopf categories may be used to construct four dimensional TQFT's, in a similar way as three 
dimensional TQFT's can be constructed from Hopf algebras (see, for ex., |2^,jl2j). Now, it is 
well-known that three dimensional TQFT's can also be obtained using the monoidal categories 
of representations of suitable Hopf algebras (see, for ex., This clearly suggests the 

possibility that four dimensional TQFT's could be obtained from the category of representations 
of suitable Hopf categories, which will be, going up in the categorification process, some kind of 
monoidal 2-categories (actually, Neuchl has proved that the 2-catcgory of representations of a 
Hopf category is indeed monoidal) . That idea has been made explicit by Mackaay |Q , who develops 
a method to construct invariants of piecewise linear four manifolds from a special kind of monoidal 
2-categories he calls spherical 2-categories. His construction parallels that of Barrett and Westbury 
1^ for three manifolds. This explains the interest of monoidal 2-categories in the construction of 
four dimensional TQFT's. But, why are we interested in their deformations? The answer is again 
an expected analogy between the cases of dimension three and four. In dimension three, we can 
get a state sum invariant of a piecewise linear three-manifold using irreducible representations of 
an arbitrary semisimple Lie algebra. The method comes from the classical work of Ponzano-Regge 
pof . The problem is that the sum turns out to be infinite. Progress was made possible only when 
the corresponding quantum group was discovered, which is a deformation (as a braided bialgebra; 
see 21 ) of the classical universal envelopping algebra of the Lie algebra. Using the representations 



of the quantum group at a root of unity instead of those of the classical version, the state sum 



invariant becomes a convergent sum. That's what Turaev and Viro do in their paper [35 



The 



11|. The 



reader can also find more details, for example, in the book by Carter, Flath and Saito 
hope is that a similar situation reproduces in dimension four. So, instead of having a Lie algebra or, 
equivalently, its universal envelopping algebra, which has a natural structure of a (trivially braided) 
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Hopf algebra, wc should now have a Hopf category, and instead of having the monoidal category 
of representations of the Lie algebra, we should have the monoidal 2-category of representations of 
the Hopf category. Via the reconstruction theorems of the Tannaka-Krein type, the deformations 
of the universal envelopping algebra of the Lie algebra correspond to deformations of its category 
of representations. Similarly, deformations of the Hopf category should correspond to deformations 
of its 2-category of representations. Therefore, we are indeed led in this way to consider the theory 
of deformations for monoidal 2-categories. In the above mentioned paper |^, Crane and Frenkel 
already outline a method for constructing interesting Hopf categories out of the quantum groups 
and their canonical bases. A difficult point is to find the analog of the quantum groups in this new 
framework, which could be called 2- quantum groups and which would correspond to non trivial 
deformations of these Hopf categories. 

Let's say a few words about what it means to give a cohomological description, in the sense 
of Gerstenhaber, of the theory of deformations of a semigroupal 2-category. Although we will be 
thinking of this case, the situation is similar in all of the above mentioned settings. Given an 
arbitrary 2-category £, it will be possible to define more than one semigroupal structure on it. 
So, wc can think of a space X(£) whose points are in 1-1 correspondence with all such possible 
semigroupal structures on £, up to a suitable notion of equivalence. The ultimate goal should be to 
have a description of such a moduli space X(£) in terms, for example, of a suitable parametrization 
of its points. However, this is difficult. The idea is then to focus the attention on one particular 
point in that space and to study the corresponding "tangent space". That's why we speak of 
infinitesimal deformations of the (reference) semigroupal 2-category. Clearly, the first point is 
how to formalize that idea of a tangent space, because a priori wc have no differentiable manifold 
structure on X(£). In the sequel, we will see how to do that. We will need to assume some K- 
linear structure on the 2-category, for some commutative unitary ring and to have some local 
if-algebra extending K, and over which the deformations will take place. In the classical algebra 
setting, this is accomplished by considering, instead of the original A'-algcbra A, its /^[[ft,]]-linear 
extension (see |l^). According to Gerstenhaber's foundational work, to give a cohomological 

description of such infinitesimal deformations amounts then to find a suitable cohomology H*{(t) 
such that the so-called first order deformations (with respect to a formal deformation parameter) 
are classified, up to equivalence, by the elements of one of the cohomology groups iJ"(£), for some 
n. But this is only the first point. According to Gerstenhaber, a nice cohomological description 
is required to further satisfy the property that the obstructions to extending such a first order 
deformation to higher order deformations or even to formal scries deformations also live in some 
of the groups if™(£). In the 0-dimensional setting of algebras, it turns out that the corresponding 
obstructions arc described by a graded Lie algebra structure on the cochain complex governing 
the deformations |l4| , and, after Gerstenhaber, this should be a basic principle of any obstruction 
theory. As mentioned before, however, in this paper we will not consider the question of higher 
order obstructions, whose treatment is defered to a future paper. Therefore, the goal of the present 
work is to just develop the first of the above points, i.e., to identify the first order deformations of 
a semigroupal 2-category with the cocycles of a suitable cohomology theory. 

An important point is how the infinitesimal deformations of a semigroupal 2-category are de- 
fined. In the classical algebra setting |lj] , , recall that the deformation consists of taking a new 
(deformed) product Hh of the form 

fj,h{a, a') = M(a, a') + /ii(a, a')h + /^2(a, a')h'^ + ■ ■ ■ 

where fi : A x A — > A denotes the original (undeformed) product and the fii : A x A — > 
A, i > 1, are suitable i^T-bilinear maps such that fih is indeed associative and with unit. In 
the category setting, this should correspond to considering a new (deformed) tensor product (Sih 
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between morphisms of the form 

f ®h9 = f ®9 + U ®ig)h+ if 02 9)h^ + ■■■ 

where (g) = (8)(x,y),(x',y') : CxC{{X, Y), {X', Y')) — > C{X(E)Y, X' , ®Y') corresponds to the original 
tensor product and the = {<^i)(^x.Y).{x' .y) ■ C x C{{X,Y), {X' ,Y')) — > C{X ® Y,X',(S)Y'), 
I > 1, are suitable _ftr-bilinear functors. In the category setting, however, we should further consider 
possible deformations of the structural isomorphisms taking account of the associativity and unit 
character of the deformed tensor product, i.e., we should consider, for example, a new (deformed) 
associator ah of the form 

{ah)x,Y,z = ax,Y.z + a^x.v.z^ + "xV,z^^ "I 

for suitable morphisms cl'^y z ■ X (Y Z) — > (X (0 F) (g) Z. Now, in the definition of an 
infinitesimal deformation of a monoidal category C, as given by Crane and Yetter the only 
structure susceptible of being deformed is that defined by these structural isomorphisms Q In 
other words, the tensor product <Si '■ C xC — > C is assumed to remain the same (except for a trivial 
linear extension). Apart from the fact that this clearly simplifies the theory, there is another 
reason that may induce to adopt this point of view. Indeed, in his milestone paper ||], Drinfeld 
proved that the category of representations of the quantum group Uhis) associated to a simple Lie 
algebra g, which corresponds to a certain deformation in the above generic sense of the category 
of representations of U{q), is in fact equivalent to the category of representations of J7(fl)[[/i]] but 
with a non trivially deformed associator (see also ||2^). Hence, at least in this case, it is enough to 
consider those deformations where only the isomorphisms included in the monoidal structure are 
deformed, keeping the tensor product undeformed. 

In defining the infinitesimal deformations of a semigroupal 2-category we will adopt the same 
point of view as Crane and Yetter. So, an infinitesimal deformation of a semigroupal 2-category will 
be defined in such a way that the only things susceptible of deformation are the 2-isomorphisms 
defining the semigroupal structure on the 2-category. Contrary to the case of monoidal categories, 
however, this involves many things. So, among the 2-isomorphisms susceptible of deformation, 
we can distinguish three groups: (1) the 2-isomorphisms included in the tensor product, coming 
from the weakening of the definition of the tensor product as a bifunctor, (2) the 2-isomorphisms 
included in the associator, and coming from the weakening of the naturality of the maps ax,Y,z, 
and (3) the 2-isomorphisms included in the so called pentagonator, coming from the weakening of 
the pentagon axiom on the associator. In a generic infinitesimal deformation, all of them will be 
deformed. 

The outline of the paper is as follows. In Section 2 we recall the basic definitions from bicate- 
gory theory, together with the corresponding strictification theorem (MacLane-Pare's theorem). In 
Section 3 we generalize to (unitary) pseudofunctors Epstein's coherence theorem for semigroupal 
functors ||l^ and introduce the analog of Crane- Yetter's "padding" composition operators |^ in 
this setting. They are essential in the development of the theory. Section 4 is devoted to reviewing 
in detail the definition of a semigroupal 2-category, giving a formulation adapted to our purposes, 
and we also give an explicit definition of the corresponding notion of morphism, deduced from the 
notion of morphisms between tricategories as it appears in the paper by Gordon, Power and Street 
pO| . In Section 5, we give the precise definition of deformation of a semigroupal 2-category we 
will work with, together with the notion of equivalence of deformations. For later use, we also 
define in this section the notion of purely pseudofunctorial infinitesimal deformation of a pseudo- 
functor. In Section 6, and using results from Section 3, we develop a cohomology theory for the 



^ As shown by Yetter [ p9[ , it is enough to only consider deformations of the associator, since they aheady induce 
a deformation of the unital structure. 
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purely pseudofunctorial infinitesimal deformations of a pseudofunctor, which partially generalizes 
Yetter's theory for monoidal functors ||3^. The cohomological description of the deformations of 
a semigroupal 2-category is then initiated in Section 7, where we consider the particular case of 
the pentagonator- deformations, i.e., those deformations where only the pentagonator is deformed, 
all the other structural 2-isomorphisms remaining undeformcd. The next section is devoted to 
determine a cohomological description of the infinitesimal deformations involving both the tensor 
product and the associator. We do that in the special case where the deformations are unitary, i.e., 
such that the structural 2-isomorphisms ®q{X, Y) remain undeformed. They will be called unitary 
(tensorator,associator)-deformations. We also identify cohomologies describing the deformations 
separately of both structures. For the sake of simplicity, in this section we restrict ourselves to the 
case of a Gray semigroup. Finally, in Section 9 we show how the cohomologies in Sections 7 and 
8 fit together to give a cohomology which describes the generic (unitary) deformations. 

2. Basic concepts from bicategory theory 

2.1. Recall that a bicategory, also called lax or weak 2-category, and first defined by Benabou 
[Q, can be obtained from a category after doing the following two steps: (1) enrich the sets 
of morphisms with the category of small categories in the sense of Kelly ||2^, and (2) weaken the 
associativity and unit axioms on the composition by substituting 2-isomorphisms for the equations, 
with the consequent introduction of coherence relations on these 2-isomorphisms, as explained in 
the introduction. When we do that, we obtain the following definition. 

Definition 2.1. A bicategory £ consists of: 

• A class |£| of objects or 0-cells. 

• For any ordered pair of objects X,Y G a small category y). 

The objects of (^{X,Y), denoted by f : X — > Y, are called 1-morphisms or 1-cells, and 
its morphisms, denoted by r : / /', are called 2-morphisms or 2-cells. Remark that, 
included in this data <Z{X,Y), there is a distinguished identity 2-morphism 1/ : / =^ / for 

any 1-morphism / : X > Y, and an associative composition between 2-morphisms, called 

vertical composition. Given 1-morphisms /, /', /" : X — > Y , the vertical composite of two 
2-morphisms r : / ==> /' and t' : /' =^ f" will be denoted by t' • r. 

• For any ordered triple of objects X,Y,Z E a functor 

cx,Y,z ■■ ^{x, Y) X c:(y, Z) €{X, Z) 

These functors provide us not only the composition cx,Y.z{f, g) := 5 ° / of two 1-morphisms 
/ : X — > Y and g : Y — > Z , but also a second composition between 2-morphisms, called the 
horizontal composition, which involves three objects. If f,f':X — > Y and g, g' : Y — > Z, 
the horizontal composition Cx,Y.z(T,r]) between the two 2-morphisms t : / =4> /' and 
r/ : g =^ g' will be denoted by 77 o r. In a general bicategory, this composition may be non 
associative. 

• For any object X e a distinguished 1-morphism idx G AT)]. 

• For any objects X, Y, Z,T € |£| and any composable 1-morphisms / : X — > Y, g : Y — > Z, 
h : Z — > T, a 2-isomorphism oih,g.f ■ h o [g o f) =^ [h o g) o /, called the associator or 
associativity constraint on /, g, h. 

• For any 1-morphism / : X — > Y , two 2-isomorphisms A/ : idyo f =^ f and pf : foidx 
/, called the left and right unit constraints on /. respectively. 

Moreover, these data must satisfy the following axioms: 

1. The Oih,gj are natural in /, g, h and the A/ and p/ natural in /. 

2. The associator a — {ah,gj} is such that the following diagram commutes: 
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ko{ho{go /)) 



{koh)o{go /) 



■ko {{hog) of) 



oik, hog, f 



{k o{hog))o f 



Olkoh,g,f^ 



{{k o h) o g) o f 



3. The left and right unit constraints A ~ {^/} and p ~ {pf} make commutative the following 
diagram: 



{g o idy) o f ■ 



O'g.idY.f 



g o {idy o f) 





When all the associators ceh,gj and left and right unit constraints Xf,Pf are identities, which 
in particular means that the composition of 1-morphisms is strictly associative and the identity 
1-morphisms are strict units, we will speak of a 2-category. 

The reader should check that a bicatcgory € with only one object corresponds exactly to the 
notion of a monoidal category. If X is the only object of £, the monoidal category is X) with 
the composition functor as tensor product. This fact will be used repeatedly in what follows. We 
also leave to the reader to check that in a 2-category horizontal composition is strictly associative 
and that the identity 2-morphisms of the identity 1-morphisms act as strict units with respect to 
horizontal composition. Both facts will also be frequently used. 

Given two bicategories S and €, their cartesian product is defined as the bicategory *B x £ such 
that 

|«B X £1 := |«B| X |g:| 

(03 X €){{X, Y), {X', Y')) := ?B(X, X') x Q:{Y, Y') 



■^{X,Y),{X',Y'),X",Y") 



X,X',X" 



X c 



Y,Y',Y- 



<)oP, 



23 



with identity 1-morphisms id, 



(X,Y) 



{idx, idy) and whose structural 2-isomorpisms Q!(j// 



,s"),(/',s'),(/,9)' 



X(f^g) and are componentwise given by those of 55 and € (P23 denotes the functor which per- 

mutes factors 2 and 3). The same construction obviously extends to a finite number of bicategories. 

We will mainly work with 2-categories. This means no loss of generality because of the following 
strictification theorem for bicategories, due to MacLane and Pare |27| (see also ||3^, §1.3): 



Theorem 2.2. Any bicategory is biequivalent (in the sense defined below) to a 2-category. 

Diagramatically, a 2-category differs from a category in that it has vertices (the objects) and 
edges (the 1-morphisms) but also faces between pairs of edges. In other words, while a category 
can be represented as a 1-dimcnsional cellular complex, a 2-category is a 2-dimcnsional cellular 
complex. As a consequence, when working with 2-categories, a generic diagram will be a three 
dimensional one, with a new "pasting" game where both vertical and horizontal compositions are 
combined. We will find some examples in the sequel. Another significant difference is that in 2- 
categories (and in bicategories in general), we have 1-isomorphisms (i.e., invertible 1-morphisms), 
but also equivalences, i.e., 1-morphisms which are invertible only up to a 2-isomorphism. This leads 
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to the notion of equivalent objects in a 2-category, which is weaker than the notion of isomorphic 
objects. 

2.2. We will also need the corresponding notion of morphisni between bieategorics. There are 
in the literature various versions and names for this notion. Following Gray I will call them 
pseudofunctors, although our definition differs slightly from that of Gray. 

Definition 2.3. If € and D are two bicategories, a pscudofunctor from £ to J) is any quadruple 
T = J^*, i^*, J^o), where 

• ITI : \e\ — > ID I is an object map (the image \T\{X) of X € \€\ wiU be denoted by T{X)); 

• Ti, = {^x,Y '■ ^{X,Y) — > D{J-{X),T{Y))} is a collection of functors, indexed by ordered 
pairs of objects X,Y ^ \<t\; 

• = {Tx,Y.,z ■ (^^(x),r(Y),r(z) ° {^x.y x J^y,z) =^ ^x.z ° c^^.z) is a family of natural 
isomorphisms, indexed by triples of objects X,Y,Z G Explicitly, this corresponds to 

having, for all composable 1-morphisms X -^-^ Y Z , a 2-isomorphism 

^x.Y,z{g, /) : ^Y,z{9) o ^x.yif) =^ ^x,z{9 o /) 
natural in (/, g) , and 



• To = {MX) ■■ Tx,xiidx) 



id 



'J^(X) 



} is a collection of 2-isomorphisms, indexed by objects 



Moreover, this data must satisfy the following conditions: 

1. {hexagonal axiom) for all composable 1-morphisms X -^-^ Y Z — ^ T, it commutes 

T{h) o {T{g) o :F{f)f^hh) o T{g o T{h o (g o /)) 



"?-(h),^(3),^-(/) 



{T{h) o T{g)) o T{J) Hh o g) o T{.f)^-^T{{h o g) o f) 
2. (triangular axioms) for any 1-morphism / : X — > Y , the following diagrams commute: 
T{f) o idjr(x) ^ J^if) o T{idx) ^ T{f o idx) 



Hf) 



^d^iY, o Hff^'HdY) o H.f^'^ MdY o /) 

Hf) 

(here, and from now on, we just write J^{g,f) and J'if), the indexing objects being omitted for 
short). 

The J-{g,f) and J-o(X), for all objects X and composable 1-morphisms f,g, will be called the 
structural 2-isomorphisms of T , and the whole set will be called the pseudofunctorial structure 
on T . When they are all identities, which in particular means that the functors Tx,y preserve 
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the composition of l-morphisms and the identity 1-morphisms, the pseudofunctor will be called a 
2-functor. When only the J-o{X) are identities, we will call it a unitary pseudofunctor. 

If no confusion arises, a pseudofunctor J- = {\J-\, J-'^,, J-^, J-q) from £ to S) will be denoted by 
T : £ — > 2) or simply by 

Remark 2.4. The only difference between this definition and the one by Gray in is our as- 
sumption that all structural 2-morphisms ^{g,f) and ^o(^) are actually 2-isomorphisms. 

From the above definition, it follows immediately that a pseudofunctor between one object 
bicategories amounts to a nionoidal functor between the corresponding monoidal categories, as the 
reader should check. 

Given two pseudofunctors J- : *B — > € and Q : £ — > D, the composite pseudofunctor Q o is 
defined by 

\goT\ = \g\o\T\ 

(e^)(.9, ./) = GiHg, /)) • GiHg), Hf)) 
{g o T)o{x) = GoiHx)) ■ GiMx)) 

The direct product of pseudofunctors can also be defined, whose source and target bicategories are 
the corresponding product bicategories. We leave to the reader to write out the explicit definition. 
Finally, let's recall that a pseudofunctor : £ — > D is called a biequivalence if for any object 
Y £ \D\, there exists an object X S |£| whose image T{X) is equivalent to Y, and for any pair of 
objects X,X' G |£| the functor Tx,x' is an equivalence of categories. 

2.3. As in the case of categories, there is a notion of morphism between pseudofunctors, which I 
will call pseudonatural transformations. 

Definition 2.5. Let £ and S) be two bicategories, and JT, : £ — > J) two pseudofunctors. Then 
a pseudonatural transformation from T to g is any pair ^ = (^*,^»), where 

• ^* = {^x : ^{X) — > Q{X)} is a collection of 1-morphisms, indexed by objects X G |£|; 

• = {6f,y : c^(x),G(x),giY)i^x,-) oQx^y =^ c^ix),ny)MY)^~'^Y^ ° ^^.y'^ ^ ^^^^^ °^ 
natural isomorphisms, indexed by pairs of objects X,Y G |£|. Explicitly, this means having 
for any 1-morphism / : X — > Y a 2-isomorphism \x.yU) ■ Qx.yif) ° S.x =^ ° ^x,Y{f), 
natural in /. 

Moreover, this data must satisfy the conditions 

1. for all composable 1-morphisms X Y — ^ Z, the following diagram commutes 

5(9) o (Qif) o ^x'f^%) o i^Y o H.f)f^'&i9) o ^y) o Hff^'kz o H9)) o Hf) 



{Q{9)oQ{I))oU izo{T{g)oT{f)) 



G{9 °f)°£.x 
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2. for all objects X, the following diagram commutes 

A 



oT{idx) 



idg(x) ° ?X 

eo(^)ol5^ 

Q{idx) o 



(for short again, here and from now on, we will omit the indexing objects in Cx,y(/))- 

When all the 2-isomorphisms ^(/) are identities, ^ will be called a 2-natural transformation. 

On the other hand, if all the fx are 1-isomorphisms (resp. equivalences), we will speak of a 

pseudonatural isomorphism (resp. pseudonatural equivalence). 

If no confusion arises, a pseudonatural transformation f = (f, ,f*) between two pseudofunctors 

J- and Q will be denoted by ^ : J- Q or simply by f . 



Remark 2.6. As in the case of pseudofunctors, there is also a more general notion of pseudonatural 
transformation, where the 2-cells f (/) are not assumed to be invertible. 

The reader should be familiar with the formulas for the vertical and horizontal compositions of 
pseudonatural transformations. Explicitly, given pseudofunctors J-,Q,Ti. : £ — > D, recall that the 
vertical composite of f : ==^ Q and C : G "H, denoted C • is defined by 

(C ■ Ox ^Cxo^x 

rm - ■ (k. • i-^)c'.GifUx ■ (c(/) ° u.) ■ <fu.,^. 

On the other hand, given pseudofunctors JF, JF' : 03 — > € and Q : £ — > D, and a pseudonatural 
transformation f : J- =^ J-' , the horizontal composition lidg o f is defined by 

{hdg °0x = Gj=-(X},J^'{X){Cx) 

uZ^m = G-\S,Y.Hf)) ■ Qilif)) ■ Qi^'iD.^x) 

Finally, the horizontal composition C o 1;^^, where C, : Q ==^ Q' : £ — > 2) is any pseudonatural 
transformation and J- : 53 — > £ any pscudofunctor, is given by 

(C ° ljd^)x = C,r(x) 

C^A.f) = aHf)) 

2.4. Let's finish this section by recalling that, in the context of bicategories, there is still a notion 
of morphism between two pseudonatural transformations, usually called a modification, and which 
has no analog in the category setting. 

Definition 2.7. Let £ and XI be two bicategories, T,Q : <t — > S two pseudofunctors and f , ( : 
J- =^ Q two pseudonatural transformations. Then, a modification from f to ^ is any family of 
2-morphisms n = {wx ■ fx Cx}, indexed by the objects of £, such that for any 1-morphism 
f -.X — > y in £, it holds 

C(/) ■ (le(/) o nx) - (ny o • f(/). 

This condition expresses the fact that the 2-morphisms nx are natural in X. A modification from 
f to C will be denoted by n : f =^ C or simply by n if no confusion arises. 

A family of 2-morphisms as above which not necessarily satisfy the previous naturality condition 
will be called a pseudomodification from f to C. This more general notion will be needed later. 
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3. Coherence and padding operators for unitary pseudofunctors 

3.1. Before giving the definition of a semigroupal 2-category and the corresponding notion of 
morphism, we consider in this section a coherence theorem for unitary pseudofunctors which gen- 
erahzes to the many objects setting Epstein's coherence theorem for semigroupal functors JTot . 
Such a coherence result allows us to introduce the analog of Crane- Yetter's "padding" composition 
operators in this setting. As the reader will realize later, these results are essential in what fol- 
lows. So, they are first used in Section 6 to associate a cochain complex to a unitary pseudofunctor 
describing its purely pseudofunctorial infinitesimal deformations, and which is a key ingredient in 
the definition of the double complex of a K-linear Gray semigroup introduced in Section 8. The 
coherence result is also needed to prove that this double complex is indeed a double complex. 



3.2. Recall that in |T^, for any pair of semigroupaj^ categories (B, ®,a) and {B,(E),a) and a 
semigroupal functor (G, G), the author defines the G-iterates (of multiplicity n, n > I) as the set 
of all functors — > B that can be obtained as compositions of product functors G' : — > 
(i < n) and j-iterates (j < n) of the tensor products (8) and ® in B and B, respectively, which are 
functors B^ — > B or B^ — > B. So, a generic G-iterate (of multiplicity n) will apply the object 
{Ai, . . . , An) of B" to an object of B of the form 

G{Ai (g) ■ • • (g) AiJ^G{Ai^+i ® • ■ • (g) A,J(g) • • ■ (g)G(^i^ (g) ■ • • (g) ^„), 

with a suitable parenthesization of the Ai's inside each group and of the ig)-factors that we omit 
because it will depend on the (g- and (g-iterates used. Let Cat{G, (g, (g) be the category whose 
objects are all these G-iterates and whose morphisms are all the natural transformations between 
them. Then, the structural natural isomorphisms G, a, a define a subcategory Cat(G, g), (g, G, a, a) 
with the same objects as Cat{G, g), (g) but whose morphisms are only those induced by these 
natural isomorphisms G,a,a, which are called the canonical ones. More precisely, a canonical 
morphism is any morphism obtained as a compositions of expansions of instances of G, a,a or 
its inverses, where by an expansion of a morphism / one means any morphism obtained from / 
by tensorially multiplying it by identity morphisms. For example, a canonical morphism from 
G{{A ® B) (G g) D)) to G((A g) 5) g) G)g)G(L>) is 

{G{A g) B, C)®idG(D)) ° aG(A<giB)MC)MD) ° {idG(A®B<^G{C, D)-^) oG{A®B,C® D)-\ 

A priori, there are other canonical isomorphisms between the same two objects, as the reader should 
check. Epstein's coherence theorem states that, when G,a,a satisfy the appropiate coherence 
relations, for any two objects of Cat[G,®,®,G,a,a) there is at most one morphism (actually an 
isomorphism) . 



^The term semigroupal applied to categories means a category with a tensor product and a coherent associator, 
but without unit constraints; when applied to functors, it means a functor F between semigroupal (or monoidal) 
categories together with a coherent natural isomorphism F : ^ o [F X F) =^ _F o (g), but without the isomorphism 
-Fo • F(I) > /. Note also that Epstein actually considers semigroupal categories equipped with a symmetry. 
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Let's consider now the case of a unitary pseudofunctor 0*, S*) between two bicategorics 5B, 
S. To emphasize the similarity between both situations, we present here the "conversion table": 

- ^ \^\ = {X,Y,Z,...} 

^ ^ \%\ = {U,V,W,...} 

B ^ ^,^{^{X,Y)}x.Y 

B ^ = {%{U,V)}u.y 

® < — > c* = {cx,Y,z}x.y,z 

® * > C* = {c{jy^w}u,V,W 

a = {aA,B,c}A,B,c ^ — * a* = {a{X, Y, Z, T) = {ah,gj)h,gj}x,Y,z,T 

a = {a.D,E,F}D,E,F < > a* = {a{U, V, W, S) = {at^s,r}t,s,r}u,V,W,S 

G:B^B ^ g* = {gx.Y-'B{X,Y)^^{g{X),g{Y))}x.Y 

G = {G{A, B)}a,b ^ = {Gxyz = {^(5, f )}gj}xyz 

Looking at this table, wc sec that to go to the bicategory-pseudofunctor setting simply means 
substituting any thing in the loft-hand side by a family of things of exactly the same type and 
indexed by objects of the appropriate bicategory. One can now proceed in the same way as Epstein 
does. The C/-iterates of multiplicity rt, n > 2, will now be functors X2) x 5B(X2, X3) x • • • x 

^{Xn, Xn+i) — > '^[Q[Xi),Q[Xn+i)), indexed by a collection Xi, . . . ^Xn+i of 71 + 1 objects of 
S, and obtained as compositions of product functors Qxi,Xi^x x Qxi^x,Xi+2 x ■ • ■ x Qxj,Xj+i with 
suitable iterates of the composition functors cx,y,z and cuy,w- So, a generic C/-iterate will apply 
the 1-morphisms (/„, . . . , /i) e Q3(Xi,X2) x S(X2,X3) x • • • x S(X„,X„+i) to a 1-morphism in 
%{g{Xi),g{Xn+i)) of the form 

Q{.fi o • • ■ o /ij o g{fi^+i o • • ■ o o • • • o g{fi^^^ o • • ■ o /„_i) (*) 

with the appropriate parcnthesization according to the used composition functors. Similarly, a 
canonical 2-morphism will be any 2-morphism (actually, a 2-isomorphism) obtained as a vertical 
composition of expansions of instances of the given Gxy.z, ot{X^ Y, Z), a{U, V, W) or its inverses, 
for all X,Y,Z G |Q5| and all C/, V, W S where expansion now means the horizontal composition 
with identity 2-morphisms. We can then consider the analogs of the above categories, namely, 
Cat(|tJ|, tj*, c*, c*) and Cai(|f/|, tj*, c*, c», a,, d*). We have then the following generalization of 
Epstein's theorem to unitary pseudofunctors: 

Theorem 3.1. Let 25 be two bicategories and let , 5*) be a unitary pseudofunctor 

between them. Then for any pair of objects 0/ Cat(|C/|, 5*, c*, c*, fj*, a*, d*) there is at most one 
morphism. 

Proof. Formally, the proof is the same as that of Epstein, but ignoring the permutations which 
appear in his paper because we do not consider commutativity constraints. The main difference is 
that we work simultaneously with various functors and natural isomorphisms. □ 

Remark 3.2. This coherence theorem already appears in a different formulation in |30t] , §1.6. 

3.3. The previous result allows us to introduce the analog of Crane- Yetter's "padding" compo- 
sition operators Q in the context of a unitary pseudofunctor Q between two bicategories 23 and 
03. The main difference is that now we have a whole collection of such padding operators, indexed 
by pairs of objects of the target bicategory 05. So, given two such objects C/, V, the situation 
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Figure 1. Padding for the vertical composition of 2-morphisms. 



is that depicted in Fig. We have a sequence n , . . . , r„ of 2-morphisms in *B such that the 
source 1-morphism of r^+i is canonicahy 2-isomorphic to the target 1-morphism of t; (i.e., they are 
2-isomorphic through a composition of expansions of the structural 2-isomorphisms coming from 
Then, define 

where the /3j's are the canonical 2-isomorphisms between the target of and the source of t^+i, /3o 
is the canonical 2-isomorphism whose source 1-morphism has no identity composition factors and 
it is completely right-parenthesized and free from images of composite morphisms under Q, and /3„ 
is the canonical 2-isomorphism whose target 1-morphism has no identity composition factors and 
it is completely left-parenthesized and free from compositions both of whose factors are images 
under Q. Note that these are the padding operators when one chooses as "references" the Q- 
iterates c*^") o and Q o(") c, where c^"-' denotes the appropriate iterate of the composition 
functors of 03 for the resulting composition to be completely right-parenthesized, ^"^c the same 
thing but using the composition functors of 03 and so that the resulting composition is completely 
left-parenthesized, and C/^"^ denotes the appropriate ^-iterate (probably with some factor equal to 
an identity functor). Other choices of references are also possible. That the above 2-morphism is 
well defined is a consequence of the previous coherence theorem. 

Example 3.3. Let Q ~ {\G\,G*,G*) be a unitary pseudofunctor between two bicategories 03 and 5B. 
Let X, Y, Z, T be objects of 5B and let us consider 1-morphisms X Y Z — T. Taking 
U = g{X) andy = g{T), we have rie(h)°^(5, /)le(x),a(T) = Q{o^tgj)-Q{h, go f)-{lgi^,,)og{g, f)). 



4. SeMIGROUPAL 2-CATEGORIES AND THEIR MORPHISMS 
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Figure 2. Definition of the pentagonator 



4.1. From now on, and unless otherwise indicated, all bicategories will be assumed to be 2- 
categories. This assumption does not imply loss of generality due to MacLane-Pare's strictification 
theorem for bicategories (see Theorem p^ ). 

4.2. The objects of our interest are the semigroupal 2-categories. Recall that semigroupal 2- 
category is a monoidal 2-category without the unit object for the tensor product, and hence 
without the structural 1- and 2-isomorphisms related to the unital structure. 

A standard reference on monoidal 2-categories is the paper by Kapranov-Voevodsky |Q . In that 
paper, however, they give an unraveled definition which involves many data and an even greater 
number of axioms. To make things more intelligible, it is worth to point out that a semigroupal 
2-category is just the categorification of the definition of a semigroupal category. This naturally 
leads to the following definition (except for the /V5 coherence condition on the pentagonator). 

Definition 4.1. A semigroupal 2-category consists of the following data SBDi and axiom SB A; 
SBDl: A 2-category £. 

SBD2: A pseudofunctor (g) : £ x £ — > £, called the tensor product. 

SBD3: A pseudonatural isomorphism a : ^'^^^ =^(3) (g) : £ x £ x (£: — > £, called the associator, 
where (g)^^^ and ^^^(gi denote, respectively, the composite pseudofunctors (g) o {id^r x (g) and 
(g o (® X id(f). 

SBD4: An invertible modification tt : a^*^ ^^^^ a : =^('*) (grCxCxCxC — >£, called 
the pentagonator, where (g*^'*^ and ^"^^(E) denote, respectively, the composite pseudofunctors 
g) o {id^f X g)) o {id^r x ic^g^ x ®) and gi o ((g x id^r) o (g) x id^r x idq\), and a'--^\ '-^^a are the 
pseudonatural isomorphisms 

a'^^^ = {l(g, o (a X lid)) ■ (a ° Udx(g,xtd) ■ (I® ° {hd x a)) 
^^^a = (a o Igjxidxid) • (a ° lidxidx®) 

(here, id denotes the identity 2-functor of €). See Fig. 
SBA: The data (g), a, tt) is such that the equality in Fig. gholds (to simplify notation, the tensor 
product of objects or 1-morphisms is denoted by simple juxtaposition, and the identity 1- 
morphisms are represented by the corresponding objects; for more details about the notations 
in this Figure, see the next Proposition). This condition will be called the coherence 
relation (the name comes from the fact that the two pastings in Fig. ^ respresent together a 
realization of the Stasheff polytope; see Q). 

A semigroupal 2-category will be denoted by (£, g),a, tt) and the triple (g),a,7r) will be called a 
semigroupal structure on the 2-category €. 
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Figure 3. coherence relation on the pentagonator 
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For convenience in what follows, we give an explicit description of the structural 1- and 2- 
isomorphisms involved in the previous definition, as well as the whole list of equations they must 
satisfy. 

Proposition 4.2. Let ^ be a 2-category. Then, a semigroupal structure (Cx),a,7r) on £ consists of 
the following data: 

I (g) |: An object X ®Y for any object {X, Y) of € x €. 

(g): A collection of functors (8)(x,y),{X',Y') ■ ^{X,X') x €{Y,Y') — > (L{X ^Y,X' (g) Y') for all 
{X,Y), {X' ,Y') objects of € x €. As usual, the image of the 1-morphism {f,g) : (X,Y) — > 
{X',Y') and the 2-morphism (r, cr) : (/, .g) =^ : (X, F) — > {X' ,Y') by this functor 

®(x,Y),(X' ,Y') will be denoted by f ® g and t ® a, respectively. 

(g): A collection of 2-isomorphisms (^{{f' , g'), {f, g)) ■ {f'(S>g')o{f^g) [f o f)®{g' o g), for 
all composable 1-morphisms {f,g) : {X,Y) {X',Y') and {f',g') : {X',Y') — > (X" ,Y") 
of€x€. 

(go: A collection of 2-isomorphisms ^oiX^Y) : idx ® idy =^ idx®Y , for all objects {X,Y) of 
€x€. 

a: A collection of 1 -isomorphisms ax,Y.z ■ X (E) (Y (g) Z) — > (X(E)Y)(S)Z, for all objects {X, Y, Z) 

of ex ex e. 

a: A collection of 2-isomorphisms a(/, g,h) : ((/ (g 5) (g ft.) o ax,Y.z =^ cix',Y',z' ° if ® (g ® h)) , 

for all 1-morphisms (/, 5, h) : (X, Y, Z) — > (X', Y' , Z') of e x € x €. 
tt: a collection of 2-isomorphisms 'kx,y,z.t ■ iax.Y.z "SJ idx) ° ax,Y(g)Z,T ° (idx g" ay.z.r) =^ 
axs)Y,z,T o ax,Y,z<g)T, for all objects {X, Y, Z,T) 0/ C x £ x £ x £. 
Moreover, all the above 1- and 2-isomorphisms must satisfy the following equations: 

A§1: For all 2-morphisms {T,a) : {f,g) =^ {f,~g) : (X, F) — > {X',Y') and (r',cr') : 

if, 9') =^ if'rg') ■■ {x',Y') ^ {x",Y") ofexe 

((r' o r) ® (a' o aj) ■ §((/', 5'), (/, s)) = ®((/', .?'), (/, 9)) ' ((^' ® ° (r ® ^)) 
A§2: For all composable 1-morphisms {X,Y) {X' ,Y') (X",Y") ^^^'^ {X'",Y"') 

ofexe 

®((/", 9"), (/' of,g'o g)) ■ {lf„^,„ o g'){f, g))) = 

= ®((/" ° f\9"og'), {f,g)) ■ (§((/",. 9"), if, 9)) o 

A®3: For any 1-morphism {f,g) : {X,Y) > {X' ,Y') ofexe 

^{{idx',idY'), if, 9)) = g)o(^', Y') o If^g 
®{{f,g),{idx,idY)) = l/«gOg)o(X,y) 
Aal: For all 2-morphisms {T,a,r]) : if,g,h) =^ {f,g,h) : {X,Y,Z) — > {X',Y',Z') of e^ 
i'^^x',Y',z' ° (t (g) {a (g) ri))) -aif^g^h) ^a{f,g,h) ■ (((r g) cr) g) 77) o 1^^^^) 

Aa2: For all composable 1-morphisms {X,Y,Z) ^^-^^ {X',Y',Z') {X",Y",Z") of 

exexe 

of, 9'° 9,h' o h) ■ ((«((/', ff'), if, 9)) ® U'oh) o la,,,,,) 
•(§((/' ® 5' >'),(/ ® 5, /i)) ° W.v, J = 

= (la,„,,„,,„ o ® ft')(5, /i)))) 

•(la,,,,,,,, 0§((/',g'®ft'),(/,5®M)) 

• (a(/', 9', h') o lf^(^g^h)) ■ ° 9, M) 
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Aa3: For all objects [X, Y,Z) of € x € x € 

a{idx,idY,idz) ^{lax,Y.z ° (®o(^, Y (g> Z) ■ {Udx ® (^oiY, Z)))'^) ■ 
■ i{(E>o{X (g>Y,Z)- {(g)o{X,Y) ® l,dz)) o lax.Y.z) 
AttI: For any 1-morphism (/, g, h, k) : {X, F, Z, T) — > (X', Y' , Z', T') of £■* 

(l"x'»^'.z'.T' °a{f,9,h®k)) ■ {Z{f ® g,h,k)ola^^^^^) ■ {l{{j®g)m)®k ° '^x.y,z,t) = 

= [t^X'X'.Z'.T' ° l/8(g®(/i(g.fc))) ■ 

• i'^ax,,Y'.z'<x)id^'°o.x,Ys,z.T °^{{-idx',aY',z',T'),{f,9®{h(Sik))r^) ■ 

■ i^iax,,Y',z'(S^d^')oax.Y»z.T ° (1/ ® ^(g, h, k))) ■ 

■ i'^{ax',Y',z'<^^d^')°ax,Ye,z.T ° ®((/' «> ^) ® {idx , aY,Z,T))) ' 

■ (la^, °a{f,g'^ h,k) o lidx«>Qy,z,T) • 

• {®{{ax'Y'.Z',idT'), {f ®{9® h), k))-^ o lax.Y»z.Toitdx(g>aY.z,T)) ■ 

■ ((«(/, 9, h) ® Ife) O lax,Y^z.T°{^dx(S>aY,z.T)) ■ 

■ (®(((/ ®9)®h, k), {ax,Y.Z.idT)) O lax.y»z.ToMx®a^,z,T)) 

Att2: For any object {X,Y,Z,T,U) of€x€x€x€xe 

{t^X®Y,Z,T,U o '^ax,Y,zmT9Z)) ■ 

• i'^(ax0Y.z.T«>^du)oax»Y.z»T,u o a{idx , idy , az,T,u)~^) ■ 

■ (lax0i',z,T«'»d(7 ° ''^X,Y,Z®T,U ° '^idx<»iidY«,az,T,u)) ' 

■ {{'^X,Y,Z,T(S>lidu) ° ^ax,Y»{zs>T),u°iidxtSaY,z<ST,u)o{idx<»iidY<»az,T.u))) = 

= (la(x»>')g,z,T,t/ °^X,Y,Z,T(SU) ' 

■ {a{ax,Y,Z,idT,idu) o lax,y»z,r»c/o(idx<8>ay,z,r»[/)) ' 

■ (l(ax.y.z«i»dT)«iidtr ° 7rx,y(giZ,T,(7 « lidx ®ay,,z,T»(7 ) ' 

' i'^{{ax,Y,z(gitdT)tg>idu)o(ax,Ye)Z,Ttg>idu)oax,iY^z)^T,u ° i^idx ^'^Y,Z,T,u)) ' 

■ i^({ax,Y,z»idT)'»idu)oiax,Y»z,T<»idu) °a{idx , aY,Z,T , idu) ° 

° ^(idx®aY,ziS}T,u)°iidx0{idY^az,T,u))^ 

We will refer to the previous equations as the structural equations of a semigroupal 2-category. 
Notice that, in Equation (A7r2), both terms lidx'^''^Y,z,T,u and '!Tx,Y,z,T'^^idu denote pastings of 
the corresponding terms l^^x ® tty.z.t.u and ttx,y,z,t ^idu- For example, the reader may check 
that the first term is given by 

lidx'8)7ry,z,T,c/ = <^iiidx,aY(»z,T,u), (idx , aY,z,T^u))~^ ■ (lidx 'n'Y,z,T,u) • 
■®{{idx-,aY.z,T ® idu), {idx,aY.Z(x,T,u ° {idy ® az,T,u))) ■ 
■{^idx®(aY.z.T<»idu) ° ®{{idx,aY,z®T,u), {idxjidY <8) uz^tm))) 
A similar expression gives us the pasting '!Tx,Y,z,T®^idu ■ 

Proof. Equations {A(S)i) correspond to the naturality of the 2-isomorphisms <E){{f',9'), {f,9)) and 
the two axioms on the pseudofunctorial structure which appear in the definition of pseudofunctor. 
Similarly, equations (Aai) correspond to the naturality of the 2-isomorphisms a(/, g, h) and the 
axioms appearing in the definition of pscudonatural transformation. On the other hand. Equation 
(AttI) corresponds to the naturality condition on the pentagonator ttx,y,z.t in (A, Y, Z, T), namely, 

^^^a{f,g,h,k) ■ {l{(ftg,g)tg,h)m ° '^x,y,z,t) = {t^x' ,y' ,Z' ,t' o l/®(g®(h(g.fe))) ■ a^'^\l,9^h,k) 
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after making explicit the 2-isomorphisms ^^^a{f,g,h,k) and a'^'^^ {f, g, h, k) using the definitions in 
Section 2. Finahy. Equation {Att2) is the algebraic expression of the A'5 coherence relation. □ 

Definition 4.3. A seniigroupal 2-category (£, ®, a, tt) is called strict when all the above structural 
isomorphisms are identities (notice that this is not possible for an arbitrary tensor product ®; for 
example, it must satisfy that X (Y (g) Z) = {X ®Y) Z, etc.). 

Remark 4.4. Let us remark that, apart from the structural 1- and 2-isomorphisms related to the 
unital structure that do not appear in our definition above, Kapranov-Voevodsky's definition of 
a monoidal 2-category (see |^) includes a different collection of structural 2-isomorphisms. So, 
instead of our ®{{f',g'), (/, g)) ■ [f ®g') °{f ®9) =^ {f'°f) ® {9' °9)^ they introduce the two sets 
of 2-isomorphisms (g) fj'^y ■ if ®Y)o{f^Y) =^ (/' o /) F and '»x,g,g' ■ {X ® g') o (X ^ g) =^ 
X®{g'og) together with the basic 2-isomorphisms ®f^g : [f ®Y')o{X ® g) {X' ® g) o {f ®Y). 
Similarly, instead of our a{f,g, h) : ((/ ® g) ® h) o ax,Y,z ax',Y',z' ° {f ® {9 ® h)), they use 

2- isomorphisms af^y.z '■ {{f®Y)(gZ)oax,Y,z =^ ax\Y',z' °{f®{Y^Z)) and the similarly defined 
o-x,g,Zy 0'X,Y.h- This obviously implies a different set of axioms. However, both formulations are 
equivalent, and correspond to the two possible ways of defining a "bipseudofunctor" directly as a 
pseudofunctor of two variables or as two collections of pseudofunctors of one variable. Although it 
is possible to work with Kapranov-Voevodsky's 2-isomorphisms, the cohomological nature of the 
axioms is much more clear when working with those of the previous proposition. Let us further 
remark that the special case where the pseudofunctor ® : £^ — > £ in our definition is cubical (see 
the definition below) corresponds, in the Kapranov-Voevodsky's formulation, to the notion of a 
quasifunctor of 2-variables introduced by Gray in |ll8|l , p. 56. The equivalence between both notions, 
cubical pseudofunctor and quasifunctor of 2-variables, is in fact the content of Proposition L4.8. 
in Gray's book. We do not enter into the details of the equivalence, but let us mention that, in 
terms of our ®{{f' , g'), {f, g)), the above Kapranov-Voevodsky's 2-isomorphisms <S^f.g correspond 
to 

'^f.g = ®{{idx',9), {f,idY))~^ ■ ®{{f,idY')-, {idx-,9)) 
and conversely, our (S{{f',g'), (/, 5)) are given by 

®((/',5'), {f:9)) = o (»/.s')"' ° 

The reader may also check that our structural equation (Aa2) exactly corresponds to the axiom 
Kapranov and Voevodsky denote by (^ ® (8)») (see Fig. ^) together with two more similar 
axioms. 

4.3. A fundamental fact in the theory of semigroupal 2-categories is the corresponding stricti- 
fication theorem, due to Gordon-Power-Street ]30| . In fact, they proved a much more general 
strictification theorem, valid for an arbitrary tricategory (i.e., the categorification of the notion 
of a bicategory). In the same way as a monoidal category just corresponds to a bicategory of 
only one object, a monoidal 2-category is just a tricategory of only one object 0. Now, contrary 
to the case of bicategories, not all tricategories are equivalent to the corresponding 3-categories 
(the reader may figure out the precise definition of such objects). Indeed, some of the structural 

3- isomorphisms can not be strictified in general, i.e., made equal to identitites. In our case, this 
means that an arbitrary semigroupal 2-category is in some sense equivalent to a particular kind 
of semigroupal 2-categories, which, following Day and Street we will call Gray semigroups^ 
and which are not the strict semigroupal 2-categories. Since this theorem plays an essential role 
in what follows, allowing us to greatly simplify the theory, we review here the precise definitions. 



^ Strictly speaking, tricategories of one object correspond to the more general notion of a monoidal bicategory. 
^ Actually, they use the name Gray monoid, because they consider monoidal 2-categories. 
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X(g)(Y(g)Z) 



ax,Y,z 




{X®Y)(g,Z 



X' ®{g®Z) 



{X®g)®Z 



{X ®Y')®Z 



(/ ®Y')(S>Z 



Y')®Z 



Figure 4. Kapranov-Voevodsky's axiom {-^ ® ®») 



Definition 4.5. Let €. be any 2-category. A pseudofunctor : £ x £ — > £ is called cubical 
if its structural 2-isomorphisms ^{{.f',g'), {f,g)) ■ ^{f',9') ° J'if^d) ==> ^{f ° f^g' ° 9) and 
Tq[X, Y) : T{idx, idy) =^ idj^{x.Y) ^^'^ such that: 

1. The T((f' jidy), {f,g)) and J^{{f,g'), {idx,g)) are all identity 2-morphisms. 

2. is a unitary pseudofunctor, i.e., for all {X,Y), Ta{X,Y) ~ lid^j^ y)- 

Notice that our definition here differs from that in |]30|| , p. 31, in that we explicitly require the 
pseudofunctor to be unitary. Indeed, although the authors say that this condition follows from the 
cubical condition of JF, it seems that this is not the case, and the assumption must be included in 
the definition 

Definition 4.6. A cubical scmigroupal 2-category is any semigroupal 2-category (£, 0, a, tt) such 
that the tensor product (g) is a cubical pseudofunctor. A cubical semigroupal 2-catcgory will be 
called a Gray semigroup whenever its structural 2-isomorphisnis included in the associator a and 
the pentagonator tt are all identities. 

Remark 4.7. The analogous notions in the more general context of tricategories are respectively 
called cubical tricategories and Gray categories in . 

A Gray semigroup will be simply denoted by (£, 0), the a and tt being trivial. We leave to the 
reader to make explicit this definition. Notice that the set of structural 2-isomorphisms reduces 
in this case to the ^{{f',g'), (/, ff)), most of which are moreover trivial by the cubical condition. 
This is the reason a Gray semigroup is usually described in terms of Kapranov-Voevodsky's 2- 
isomorphisms It is worth to point out that not every cubical pseudofunctor ® defines a 

structure of Gray semigroup on a 2-category. 

The fundamental strictification theorem for semigroupal 2-catcgories can now be stated as fol- 
lows: 



^We would like to thank J. Power and R. Street for the emails interchanged about this point. 
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Figure 5 . Definition of the modification lo 




Theorem 4.8. ( 30|j Every semigroupal 2-category is equivalent (in a sense we do not make pre- 



cise) to a Gray semigroup. 

After reading the next section, where the notion of a morphism between semigroupal 2-categories 
is defined; the reader may figure out by himself the sense in which this equivalence should be 
understood. 



4.4. Let us finish this section by giving the corresponding notion of morphisms between semi- 
groupal 2-categories, which will be needed in the next section in order to define equivalence of 
deformations. In the case of Gray semigroups, this definition appears, for example, in Def.2 
(in fact, they define morphism between Gray monoids). Our definition below follows from the 
general definition of morphism between tricategories which appears in |30| when restricted to the 
one object case (and forgetting the unital structure). 

Definition 4.9. Let (£, ®,a,7r) and (£', ®', a', tt') be semigroupal 2-categories. A semigroupal 
pseudofunctor from £ to £' is a pseudofunctor T : £ — > £' together with the following data SPDi 
and axiom SPA: 

SPDI: A pscudonatural isomorphism ij) : ®' o [T x T) => J-"o®:£x£-^C. 

SPD2: An invertible modification uo : (Ijr o a) • (-0 o hd^fX(g)) ■ (1®' ° (Ij^ x ip)) ^ {ip o l^xid^) ■ 
(l^i o{iPx Ijr)) . (a' o Ijc-xjTxjr) (see Fig. |) 

SPA: The pair {tp.uj) is such that the equation in Fig. ^ holds (to simplify notation, the 
tensor product of objects and 1-morphisms is again denoted by simple juxtaposition and the 
identity 1-morphisms are represented by the corresponding objects; furthermore, the action 
of the pseudofunctor on objects, 1-morphisms or 2-morphisms is indicated by the symbols [— ], 
so that, for example, tpxY,z{[Z][T]) denotes the 1-morphism ijjx^Y,z ®' {^{idz) ®' P{idT))- 
For more details about the notations appearing in this Figure, see the next Proposition). 

A semigroupal pseudofunctor will be denoted by the triple [J-^tpjUj) and the pair {ip^uj) will be 
called a semigroupal structure on T . 

Observe that the above definition indeed corresponds to categorifying the definition of a semi- 
groupal functor between semigroupal categories: the axiom on the semigroupal structure is substi- 
tuted for the modification which in turn must satisfy the additional coherence relation (SPA). 
A more explicit description of a semigroupal structure ("i/", ^) on JF, with the whole list of equations 
on the structural 1- and 2-isomorphisms, is as follows: 

Proposition 4.10. Let (£, ®, a, tt) and (£', ®', a', tt') he semigroupal 2-categories and T : <t — > £' 
a pseudofunctor. Then, a semigroupal structure uj) on T :<L — > consists of: 
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\x\mmm) 



{X{YZ)\{T 

\ Vx.yz [T] 
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(Vx,v-[2])[T] / \ i[XY-],[z],[T] / [axr.z.r] \ [ax,i',zT] 

[{XYKZT)] 
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-'[x],[i'],[z][r] 





^{XY)Z,T 

\iXY)Z)T] 



{i[X][Y])[Z])[T] . [XY]{[Z][T]) 



[XY]4,z,' 



lAxi 



i:xY,zilZ][T]) [XY][ZT] 



XX,Y,Z,T 

{[X][Y])^z,T 



■<Iix,y[ZT] 



m[y])[ZT] 
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i>X,Y(ZT) 
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Figure 6. The coherence relation {SPA) 
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-0: A collection of 1 -isomorphisms ipx,Y ■ ^{X) ®' J-{Y) > J-{X ® Y) for all objects {X, Y) 

of€x€. 

ip: A collection of 2-isomorphisms ipifjg) ■ J-{f ® g) ° ''Pxy =^ V'x'.y ° {^{f) ®' ^{g)) for all 

1-morphisms (/, g) : {X, Y) — > (X', Y') of<tx€. 
Lo: A collection of 2-isomorphisms ujx.y,z ■ ^{a.x,Y.,z)°'4'x.Y®zo{idj^(x)®' i^Y.z) =^ ii>x®Y.z° 

{'4'x,Y ®' idjri^z)) ° o.'jr(^x) r(Y) j^(z) objects {X, Y,Z) of x € x €. 

Moreover, these data must satisfy the following equations: 

Aipi: For all 2-morphisms (r, cr) : (/,.g) =^ (/,.g) : {X,Y) — > iX',Y') of € x € 

iUx'.Y' ° (-^W ®' -^M)) • ^(/' .9) = ^il ~9) ■ (Hr <E> a) o 

AV^2: For all composable 1-morphisms (X, F) iX',Y') ''^-^^ {X",Y") of € x <£. 

kf of,g'og)- m®{{f', g'), if, g))) ■ Hf ® g' J ® g)] ° Ux.. ) = 

= (1^,,, o mr, f) ®' Hg', g)) ■ ®mn. Ha')), m), Ha)))]) ■ 

■Wf, g') ° • ° '4'if, g)) 



Ai'3: For all objects {X, Y) of € x € 

^^{idxMY) = (W ° \®'Gi.^i.X),T{Y)) ■ {Ta{X) ®' MY))])-^ ■ 
■ {[MX ® Y) ■ Ti®o{X, Y))] o I^^ 

AcjI: For all 1-morphisms (/, .g, h) : {X, Y, Z) — > {X' , Y', Z') of € x € x € 

(UJX',Y',Z' O ^J^{f)(g,'(J^(g)(g,'J^{h))) ■ 

(l^(a,,,,,.,,)o^x',v'»z' ° ®iiid^(X'),i'Y',z'), {H.f),H9) ®' Hh)))~') ■ 

(l;P-(ax/,w,z') °V'(/,5®^)°lirf^(x)(><)''AY-,z) ■ 
{T{ax'.Y',Z',f ® (g ® M)"^ ° lV'x,y-»z ° lid^(x)«>'V'i',z) ■ 

(•?((/ ®g)®h, ax,Y,z) o l0x.y»z ° l^d^ixj^'V'i'.z) = 

= (Ux'e,Y',z' ° l^x',i"®'*d^(z') °a'iTif),T{g),T{h))) ■ 

(iv.x'«.',.' ° §'((V'x'y', (Hf) ®' ng), -^(/i)))^' ° la 



'81'' 

(Iv-x'^v-'.z' ° WZ-S) ®' I^W) ° la^(^, ^,^^) ■ 

(lV.x'«.'..' ° ^'((-^(Z ® 5), ■^(/^)), , ° la^,^,,^,,,^^,, 

(^(/®5»ol 

(•!/ix,r'2i'id^(z))°i^(x),^(y),^(z) ' ' 



j^(x),:f(i'),:f(z) ' 
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Au2: For all objects {X,Y,Z,T) o/ £ x £ x £ x £ 

(ljP-(axc8i',z,T)oVx»i',z®T °XX,Y,Z,T ° ^"^^(xj.^cyj.^-czja'^CT) ' 
(lj^(ax®i'.z,T)oVx»y,z®To(Vx,y®'^(idz«r)) ° a'{T{idx), Tiidy) , iPz,t))~^ " 
(l^(ax»i',z,T) ° ^X,Y,Z<»T o ljc-(idx)0'(:^(idi')®'^z,r)) ' 

(•^(7rx,y,z,T) o lvx,i'»(z®T)o(:^(«dx)®'j/'y,z»T)o(J^(idx)®'(:^(idi.)®'i^z,T))) = 

= (l'/'(x»y)®z,To(V'x»y,z0'J^(idT))o((i/ix,y®':^(idz))®'Jc-(idT)) ° '^'y^{X),J^{Y),J^{Z),y^{T)) ' 

(l^(x»^)®z,T ° ('^X,y,Z^l^(»dr)) O la;^^_^,^^^^,^,^j^^ ^^^,o(^(»dx)®'a;^,^,_^,^,^^,^,)) ' 

(V-CaX.KZ, irfr) O l(^x,^»z(»1*dT])o(([»dx]»'»A^,z)®1»dT])oa|^j_j^j^,|^j_j^jO([»dx]®'a;yj_(2,_[^^ • 
(l[ax,y,z®»dT]o^x»(y®z),To(^x,y»z0'[jdT]) o «'( Nx] , V'KZ, Nt])^^ o ^Nx]®'a|y, [^j.irj ) ' 
(Ij^lax.-K.zSidT) °'^X,Y»Z,T ° ^(J^(idxW{i^Y.z&y^{idT)))o{r{idxWa'^^y^ ,^^^^ .^^^^}) ' 
i'^y=-{ax,Y,zS)idT)oJ^{ax.Y(^z,T)oi>x.(Y»z)»T ° i^J^(idx)'^^Y.Z,T)) ' 

i'^lax.Y.z<»idT]o[ax.Y^z.T] ° '^i^dx , aY,Z,T) ° 1 ([idx]®' Vl',z®T)o([idx]0' ([idy ]®' Vz.t)) ) 

(to simplify notation, is denoted in some places by [—]). 

In the last equation (Aa;2), the term xx.y.z.t denotes the 2-isomorphism 

Xx,Y^z,T =®((^(idx®y), V^z.t), ii^xA^.Hidz) ®' HidT)))-' ■ ((^(®o(^, Y)) o 1) ®' 1) • 

• {ip{idx,idYy^ «>' i^{idz,idT)) ■ (1 «>' (^(®o(^, T)-^) o 1)) • 

• ® ((^x,y , ^(idztsr)), (^Mx) «>' ^My), V'z^t)) 

Notice that, in the particular case of a Gray semigroup, they just reduce to Kapranov-Voevodsky's 
2-isomorphisms ®ipx y ,^z ^ it appears in Day-Street's definition mentioned above |8|. Observe 
also that all the terms Cjx.y.z, t^x,y.z,t, ^{■^x,y.z.t), '^x,y.z'i''ljc-(jdT) ^J^(idx)'S^''^Y,z,T are pastings 
of the corresponding 2-isomorphisms with the appropriate structural 2-isomorphisms from J-q 
and (8) . We leave to the reader to find out the explicit formulas. 

Proof. The Proposition again follows from the definitions in Section 2. In particular. Equation 
(Awl) corresponds to the naturality condition on ujx,y.z in the object (X, Y, Z), and (Aij;2) is the 
algebraic expression of the coherence relation (SPA). □ 

Later on. we will need this Proposition in the very special case where £' = £ (but with different 
semigroupal structures (®, a, tt) and ((E)', a', tt')) and J- = idq-, the identity 2-functor of C 

5. Deformations of pseudofunctors and semigroupal 2-categories 

5.1. In this section we formalize the idea outlined in the introduction, i.e., we "linearize" the 
problem of deforming a semigroupal 2-category (£, (g), a, tt). To do that, we will need to assume 
that £ has some iC-linear structure, for some commutative ring with unit K. Before that, however, 
we introduce the notion of a purely pseudofunctorial infinitesimal deformation of a (ii'-linear) 
pscudofunctor, a notion which appears later in Section 8 when we study the deformations of the 
tensor product in a semigroupal 2-category. The corresponding notions of equivalent deformations 
are also introduced, and they are made explicit in the case of first order deformations for later use. 



23 



5.2. Recall that a category C is called A'-linear when all its hom-sets C{A, B), A,B^ |C|, are K- 
modules and all composition maps are iiT-bilinear. On the other hand, a iC-linear functor between 
two ii'-linear categories C,P is any functor F : C — > V such that all maps Fa,b '■ C{A,B) — > 
T^{F{A), F{B)), A, B G |C|, are i^T-linear. The analogous definitions for 2-categories are as follows. 

Definition 5.1. Let K a commutative ring with unit. A K- linear 2-catcgory is a 2-cateogry £ 
such that all its hom-categorics €.{X,Y) are X-lincar. and all the composition functors cx.y.z ■ 
€{X, Y) X €{X, Z) — > '^{X, Z) are A'-bihnear. Given _ft'-linear 2-categories £ and D, a K -linear 
pseudofunctor between them is any pseudofunctor T : € — > D such that all functors Tx.y ■ 
€iX,Y) — > D{T{X),T{Y)), X,Y e |e:|, are ^--linear. 

Notice that, according to this definition, we only have a structure of if-module on the sets of 2- 
morphisms. This will mean that, in our definition of deformation below, all structural 1-morphisms 
will remain undeformed, and the only thing susceptible to be deformed will be the 2-morphisms. 

The following result brings together some easy facts about if-linear 2-categories and pseudo- 
functors whose proof is left to the reader. 

Proposition 5.2. Let 25, £ and D be K -linear 2-categories, and T,J-':^ — > €. and Q : £ — > 2) 

K -linear pseudofunctor s. Then: 

(i) The product 2-category 25 x £ is K -linear. 

(a) The composition pseudofunctor Q o T : ^ — > Xl is K -linear. 

(Hi) For any ^, C : => JT', the set Mod(^,^) (resp. PseudMod(^, C) j of modifications (resp. 
pseudomodifications) between ^ and ( is a K-vector space. 

Our main objects of interest are the AT-linear semigroupal 2-categories, defined as follows: 

Definition 5.3. A K-linear semigroupal 2-category is a semigroupal 2-category (£, ®,a,7r) such 
that both € and (g) are i^-linear. 

5.3. Fundamental for the definitions of infinitesimal deformation given later are the notions of 
i?-linear extension for iC-linear (semigroupal) 2-categories and if-linear pseudofunctors, for any 
iiT-algebra R. As the reader will see, in the first case it provides us with the necessary "tangent 
space" at the point of X{€) defined by the semigroupal structure in question. 

Definition 5.4. Let £ be a if-linear 2-category. Given a if-algebra R, the R-Unear extension of 
€ is the i?-lincar 2-category C^i defined as follows: (1) its objects and 1-morphisms are the same 
as in C, (2) its sets of 2-morphisms are given by (g:?j(A:, r))(/, /') := {€{X,Y)){f,f') ®k R, (3) 
the vertical composition is defined by (t ® r) ■ {f ® f) := (r ■ f ) ® (rf) and by linear extension, 
(4) the composition functors {cx,y,z)r = °r ■ '^^{^lY) x £^(y, Z) — > €^j^{X,Z) arc defined on 
1-morphisms as in £ and on 2-morphisms by (77 ® s) oj^ (r r) := (77 o t) ® (rs) and by linear 
extension, and (5) the identity 1-morphisms are the same as in £. 

The reader may easily check that these data indeed define an i?-lincar 2-category. The reason 
to add the zero superscript in C^j '^iH be soon understood. 

Remark 5.5. If K is a topological ring and R is an m-adically complete local A'-algebra (for exam- 
ple, R = i4r[[/i]]), it can be defined the m-adically complete i?-linear extension of £. This extension 
is the starting point for the definition of the m-adically complete infinitesimal deformations. In this 
work, however, we arc mainly interested in the non topological case, and we leave to the reader to 
figure out the corresponding definitions in this topological setting. 

We are specially interested in the case R = K[e]/ < e""*"^ >. The corresponding i?-linear 
extension will be denoted by £(*„■)• In this case, a generic 2-morphism : / /' : X — > Y in 
the linear extension can be written in the form 



(5.1) 



Te = To + Tie H h T„e 
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wherero,... ,r„ GG:(X,y )(/,/')■ 

The above definition is part of a functor of extension of scalars for K -linear 2-categories, a fact 
which allows us to further introduce the required i?-linear extension of a _ftr-lincar pscudofunctor. 

Proposition 5.6. Let £, 5) be two K-linear 2-categories and R a K -algebra. Then, any K- 
linear pseudofunctor T = J-'.^, ^o) jrom <E. to Xi extends to an R-linear pseudofunctor 

-^R ^ (l-^l/ji {^o)r) from C^j to Furthermore, if ^ = is a pseudonatural 

transformation between two K-linear pseudofunctors T and Q , it extends to a pseudonatural trans- 
formation = between the R-linear extensions and Q'^, and the same thing 
for modifications between pseudonatural transformations. 

Proof. Take = and for any pair of objects X,Y E define the functor {J^x,y)r ^ 

follows: {^x,Y)R{.f) = ^x,Y{f) for all 1-morphisms / : X — > Y, and on 2-morphisms, take 
{J'x.Y)\{T®r) = J-x.Y{T)®r and extend by hnearity. Finally, define a pseudofunctorial structure 
on jc-o by taking {Tfj^{g, f) = T{g, f) ® 1 and {To)%^{X) = To{X) ® 1 for all objects X, Y, Z and 
l-morphisms f,g. The rest of the proposition is proved similarly and is left to the reader. □ 

As a by-product, we obtain the notion of i?-lincar extension for if-linear semigroupal 2-categories. 
Indeed, we have: 

Corollary 5.7. Let (£, 0, a, tt) be a K-linear semigroupal 2-category. Then, for any K-algebra R, 
the extension £^ inherits a structure {®%,a^,Tr'^) of R-linear semigroupal 2-category. 

Proof. Indeed, to give a semigroupal structure on a 2-category means to give a pseudofunctor, a 
pseudonatural isomorphism and a modification, and all of them can be extended according to the 
previous Proposition. We leave to the reader to check that this extensions satisfy the appropriate 
axioms. □ 

5.4. We can now define the corresponding notions of infinitesimal deformation. Let us begin with 



the case of a if-linear pseudofunctor. According to Proposition 5.6, given such a pseudofunctor 
!F : £ — > D, we have a "copy" of it : £^2 — ^ ®?j the "category of i?- linear pseudofunctors" . 
The reason to consider such a copy is that the infinitesimal deformations of J-' will actually be, 
strictly speaking, deformations of that copy, for some local if-algcbra R. The copy itself will be 
called the null deformation of T over R. A generic deformation is then defined as follows. 

Definition 5.8. Let £, D be two A"-lincar 2-categories, and T = (|JF|, J^q) a AT-linear 

pscudofunctor between them. Given a local AT-algebra R, a purely pseudofunctorial infinitesimal 



deformation of T over R is the pair {^*)'r) of Proposition 5.6 equipped with a pseudo- 

functorial structure {{J-^,)u, (J-o)_r) which reduces mod. m to that of the null deformation. When 
R = K[e]/ < e"+^ >, the corresponding deformations are called purely pseudofunctorial n*''^-order 
deformations of T . 

The terms "purely pseudofunctorial" in this definition refer to the fact that the only deformed 
thing is the pseudofunctorial structure of T^, the source and target 2-categories remaining unde- 
formed, in the sense that they are simply substituted for the corresponding i?-linear extensions. 

For example, it is easy to see that to give a purely pseudofunctorial n*'*-order deformation of T 
simply amounts to give new families of 2-isomorphisms of the form 

TM, f) = Hg, f) + (.9, ./)£+••• + ^("H,9, 
{T^UX) = T^{X) + T^'\x)e + • • • + .f^")(A)e" 

where ^^^\g, f) : T{g) o J^{f) J^{g o f) and T^q\x) : T{idx) zdjp(x), for alH = 1, . . . , n, 
are suitable 2-morphisms in J) such that the above 2-isomorphisms indeed define a pseudofuncto- 
rial structure on the pair To emphasize that, a purely pseudofunctorial n'^'-order 
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deformation will be denoted by the pair {•?^o*^}i=i,... ,n)- In particular, when all 

these 2-morphisms are zero, we recover the null deformation J^. 

We are only interested in the equivalence classes of such purely pseudofunctorial infinitesimal 
deformations, two such deformations being considered equivalent in the following sense: 

Definition 5.9. Let T = JF^, J^^, JTo) be a A'-linear pseudofunctor. Then, given two purely 
pseudofunctorial infinitesimal deformations = {{J-^,)r, (^o)i?) and JF^ = ((JF^)^, (J-oYfi), they 
are called equivalent if there exists a pseudonatural isomorphism ^ : J-n => J-'j^ such that 

1. = idr(x) for all objects X S \€\, and 

2. ^(/) = (mod. m), for all 1-morphisms / of €.. 

For later use, let us make explicit what this definition means in the case of first order deformations. 

Proposition 5.10. Two purely pseudofunctorial first order deformations T^^, T[ of a K-linear 
pseudofunctor J' : € — > T) , defined by 2-morphisms {^'■^^g , f) , T^^\x)) and {{T^^^)' {gJ),{T^^^)' {X)), 
respectively, are equivalent if and only if there exists 2-morphisms £}^\f) '■ J' if) ==> ^{f)t for all 
1-morphisms f of satisfying the following conditions: 

1. They are natural in f . 

2. For all composahle 1-morphisms X -^-^ Y Z , it holds 

i^^'^Yig, /) - ^^'^ (.9, /) = Hg, /) • (i^te) ° (/)) - (9 of)- Hg, /) + 

3. For all objects X of €, it holds 

{4'^y{X)-4'\x)=MX)■^'H^dx) 



Proof. Indeed, let us go back to the definition of pseudonatural transformation (see Definition 2.5 ) 
and take = J^^, Q = T'^, and ^ defined by ^jf = idjr(^x) and \{f) = + £,^^\f)^- The 

conditions above follow then by writing out the first order terms in e in every condition satisfied 
bye □ 

5.5. Let us consider now the deformations of a iT-linear semigroupal 2-category (£, (g), a, tt). As in 
the case of a pseudofunctor, the first thing we need is its "copy" (C^j, a%, tt^) in the "category 



of i?- linear semigroupal 2-categories" (see Corollary 5.7). It will be called the null deformation of 
(€, 0, a, tt) over R. A generic infinitesimal deformation is then a deformation of that copy. More 
precisely: 

Definition 5.11. Let (£, (8i,a,7r) be a if-linear semigroupal 2-category, and let i? be a local K- 
algebra, with maximal ideal m. An infinitesimal deformation of (£, (8),a,7r) over R is the i?-linear 
extension 2-category €^ equipped with a semigroupal structure (^/j, a/j, tt/j) which reduces mod. m 
to that of the null deformation. More explicitly, (0^, an, nn) must be such that: (1) (^n only diff'ers 
from in the pseudofunctorial structure, (2) the 1-isomorphisms {aii)x,Y,z coincide with those of 
a% and (3) all structural 2-isomorphisms ^R{{f',g'),{f,g)),{(»o)R{X,Y),aii{f,g,h),{TTii)x.Y,z,T 
reduce mod. m to those of the null deformation. 

When R = K[e]/ < e"+^ >, the corresponding infinitesimal deformations are called n*'''-ordcr 
deformations of £. 

Remark 5.12. Since the associator as well as the left and right unit constraints on the composition 
of 1-morphisms (which we are assuming trivial) both live in the "dcformable world" of 2-morphisms, 
it would be possible to modify the above definitions of infinitesimal deformation in such a way that 
also the bicategory structure of £ is deformed. In the case of a pseudofunctor, this will lead us to 
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the notion of a not necessarily purely pseudofunctorial deformation. However, we will not proceed 
in this direction, and we will assume that all bicategories, the undeformed as well as the deformed 
ones, are always 2-categories. 

For example, according to the above definition, an arbitrary n*''-order deformation of (£, ®, a, tt) 
amounts to a new set of structural 2-isomorphism ®e, ((8)o)e, Oe, tTe of the form in Eq.(5.1) with the 
zero order term equal to the original 2-isomorphism, i.e., 

9'), (/, 9)) - ®{{f: 9'), if, 9)) + ((/', 5'), (/, 9)y + ■■■ + ((/', 5'), (/, 5))^" 
{®o)e{X, Y) = ®o(X, Y) + ®W ^x, y)e + ■ • • + {X, y)e" 

.9, h) = a{ f, g, h) + a'^^^ (/, g, h)e + ■ ■ ■ + (/, g, h)e^ 
{t^()x,y.z,t = i^x.Y,z,T + (7r^^^)x,Y,z,Te + ■ • • + (7r("^)x,y,z,Te" 

where ((/', 5'), (/, 5)), ®o^(^,^), a^'H/^S,/*) and (7rW)x,y,z,T, for aU i = 1,... ,n, are suit- 
able 2-morphisms in £ with the same source and target 1-morphisms as the corresponding unde- 
formed 2-isomorphisms and such that the whole set of new 2-isomorphisms satisfy all the necessary 
equations to define a semigroupal structure on ^^^-^ ■ Such a n*''-order deformation will be denoted 

by {®o'''}i' Iri particular, when all these 2-morphisms are zero we again 

recover the null deformation. 

As in the case of pseudofunctors, we are only interested in the equivalence classes of infinitesimal 
deformations. 

Definition 5.13. Let (£, 0,a,7r) be a JiT-hnear semigroupal 2-category. Two infinitesimal de- 
formations over R {(i^R, aR,TTii) and (55^, a^, tt^) are called equivalent if the identity 2-functor 
id^o ■ i^%,'^RiCiR,Trfj) — > Ofl, TT^) admits a semigroupal structure {ip,w) such that: 

1- ipx,Y = idx(^Y for all objects X,Y] 

2. ij^{f,g) = l/(gig (mod. m), for all 1-morphisms f,g, and 

3. ijJx,Y,z = (®o(-^ <Xi Y,Z)~^ o lax,Y,z) • (lax.y.z ° ®oiX,Y Z)) (mod. m), for aU objects 
X,Y,Z. 

The deformations will be called co-equivalent when there exists a semigroupal structure (ipjUj) 
satisfying the first and third conditions above and such that = for all f,g (not only 

mod. m). Similarly, the deformations will be called ip- equivalent when there exists a semigroupal 
structure (ipT^) satisfying the first and second conditions above and such that ujx,y.z ~ (®o(^ 
Y,Z)-^ o lax.Y.z) ■ (lax.i-.z ° ®o{X,Y ® Z)) for all X, r, Z (not only mod. m). 

Let us also make explicit for its later use what this definition means in the case of first order 
defo rma tions. To simplify equations, however, let us assume, without loss of generality by Theo- 
rem 4.8, that the undeformed ten sor product ® is unitary, i.e., that all 2-isomorphisms ®q{X^Y) 
are identities (see Definition 2^). Notice, however, that the deformed tensor product may no 
longer be unitary. 

Proposition 5.14. Let (£, ®,a, tt) he a K-linear semigroupal 2-category, with ® a unitary tensor 

product. Let's consider two first order deformations defined by 2-morphisms ((g) ^ , (g)g^\ a^"'^\ Tr^-'^^) 

and (((g)'^'')', (^o""^"*)') (a^-'^^)', (tt^^^)'). Then, they are equivalent if and only there exists 2-morphisms 

'<P^^Hfi9) '-1^9 =^ f ®9 f^i^d {uJ^^'^)x,Y,z '■ 0'X.Y,z =^ ix.y,z, for all objects X,Y,Z and 
1-morphisms /, g of €, such that the following equations hold: 

'E'tpl: For all 2-morphisms {T,a) : {f,g) =4> {f,g) of 

{T®a)-^^'\f,g) = $^'\f,~g)-{T®a) 
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EV^2: For all composable 1-morphisms iX,Y) ^-H' {X',Y') {X",Y") of 



i>^''^ if of,g'o g)-®{{f', g'), if, g))) + d^^'\f' , g'), (/, g)) = 

= 5), (/, .9)) + §((/', 5), (/, 5)) • (V^^'' (/', 5) ° Ima) + 



E'i/jS: i^or all objects {X, Y) of € x € 



Ewl: i^or aZ/ 1-morphisms (/, 5, /i) : (X, F, Z) — > {X', Y' , Z') of € x € x € 



+ S(/,.g,/i) . ((V^(i'(/,.9) ® o 1,^ ^ J + 

+ a{f, g, h) ■ ® 9, h), {idx®Y, ^dz)) o lax.r.z) + 

+ a{f, g, h) ■ {f®g,h)o ^ J + 

+ a{f,g,h) ■ {l{f^g)^h o = 

= o ■ a(/, g, h) - 

- ( W,.',.' ° (/, i7 ® m ■ aif, g, h) + 

+ ( W,.',.' ° (1/ ® ^^'^9, h))) ■ a{f, g, h) + 
+ ( ° 5 «> /i), Mx, idy^z))) • a(/, 5, /i) + 

+ ( ° (/, 5 ® /i)) • «(/, 5, /i) + (/, g, h) 
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Ew2: For all objects (X, Y, Z, T) of 

+ T^X.Y.Z.T ■ ((®o^^)'((X 1") » Z', T) o l^ax.Y.zSSidTjoax.Ytsz.ToiidxmY.z.T)) + 
+ T^X,Y,Z,T ■ {{{(^'■^^)x,Y,Z ® Udr) ° lax,i'»z,ro(idx0ai.,z.T)) + 

+ T^X^Y.Z^T ■ iUx,Y.z^tdT ° i'S^Q^YiX ® (r ® Z), T) o lax,^»z,T0(»dx®ay,z,T)) + 

+ '^X,Y,Z,T ■ i'lp''^\ax,Y,Z,idT) o lax,'K»z,To(idx®ai,,z.T)) ~ 

~ T^X,Y,Z,T ■ {^ax.Y,z«iidT ° i^''^^)' i^dx , idy (g,Z , idx) ° '^idx^aY.z.r) + 

+ T^X,Y,Z,T • {^ax.Y,z®idT ° {^^^^ ) X ,Y ® Z ,T ° li<ix(»ay,z,r ) + 

+ T^X,Y.Z,T ■ {Max,Y,z'StdT)oax,Y?,z,T ° (®0^V(^' {Y ® Z) ® T) o l^dx^av.z.r) + 

+ T^X,Y,Z,T ■ {^{ax,Y,z(l>idT)°ax.Y»z,T ° i^idx ® {'^^^^)y,Z,t)) + 

+ T^X,Y,Z,T ■ i^{ax,Y,z®idT)oax,Yig,z,To{idx®aY,z,T) ° ('^O 

+ 7rx.y,Z.T ■ i^{ax,Y.z(X>idT)oax,Ye,z.T ° ^''^\'>'dx , aY,z .t)) = 

= -{a'-^\idx^Y,'idz,idT) ° lax.i-.z^r) ' 7^x,y,z,T + 

+ {{i^^^^)x®Y,Z,T o lax.i-.zsjr) ' '^X,Y,Z,T - 



-(la. 



(1) 



o (i)*^^((idx8y,«rfz8T), iidx(^Y,idz(g,T)) ° Ic 



o {iij^'^\idx , idy) <E) Udzar) ° lax.i-.ztsr) • 7rx,y,z,T + 
° ®'lp^^\idz,idT)) o lax,y,z®T) ' ^x.y.Z.T + 

o {a^^^y{idx,idy,idz0s,T)) ■ i^x,y,z,t + 
o {uj^^'')x,y,Z(»t) ■ ''^x,y,z,t + 
+ {t^^^^)x,y,z,t 

Proof. The proof is a long but straightforward computation of the first order term in each of 
the conditions in Proposition 4.1C when J- is taken equal to the identity 2-functor idffo , the 

. 

semigroupal structures (0,a, tt) and (CE)', a', tt') are those of the first order deformations, and the 

ip and uj are of the form 

ipx,Y = idxm 
1 I (1) 

UJX,Y,Z = iax,Y,z + ^X,Y,Z^ 

Notice that the zero order term of lj is trivial because we are assuming ® is unitary. □ 

6. COHOMOLOGY OF A UNITARY PSEUDOFUNCTOR 

6.1. This section contains preliminary results that will be used in Section 8 to construct the 
cochain complex which describes the simultaneous deformations of both the tensor product and 
the associator in a i^-linear semigroupal 2-category. More explicitly, we associate a cohomology to 
an arbitrary if-linear unitary pseudofunctor and prove that this cohomology describes its purely 
pseudofunctorial infinitesimal deformations in the sense of Gerstenhaber. The main idea is to use 
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the fact mentioned in Section 2 that a pseudofunctor between one object bicategories corresponds 
to the notion of a monoidal functor. In this sense, our results generahze the cohomology theory 



for monoidal functors described by Yetter in |38|. Let us remark that our restriction to the case 



of unitary pseudofunctors implies no loss of generality for our purposes, because, as indicated 
before, the results obtained here will just be used to study the deformations of the tensor product 



and the associator in a /C-linear semigroupal 2-category. Now, by Theorem 4.8, the undeformed 
semigroupal 2-category may be assumed to be a Gray semigroup and, hence, such that the original 
tensor product is indeed a unitary pseudofunctor. 

6.2. Let us consider a if-linear unitary pseudofunctor T = (|^|,^*,JF*) between if-linear 2- 
categories £ and D. Since we assume £ is a 2-category, for each n > 2 and each ordered family 
Xq, . . . , Xn of n -|- 1 objects of £, we have a uniquely induced composition functor -^^ : 

€{Xn^i,Xn) X c:(X„_2,Xn-i) X ■•• X €{Xa,Xi) — > €{Xo,Xn), obtained by applying the ap- 
propriate elementary composition functors y z order |^ In the same way, we have the 
induced composition functors c^(^Xo),... ,3^{x^) -^o, ■ ■ ■ ,Xn. Then, given Xq, . . . , X^, let's 
consider the functors CJ"xo,...,x„,^Cxo,...,x„ : €{Xn-i,Xn)x€{Xn-2,Xn~i)x- ■ ■x€{Xo,Xi) — > 
'D{T{Xo),T{X„)) defined by 

CTxo,...,x„ := Cjri^Xo),...,r{x„) ° (•^x„_i,x„ X Tx„_2,x„-i x • • • x Txo,Xi) 

^Cxo,... := ^x„,x„ ° <^Xo,... ,x„ 

When n = 1, let CTxa,Xi := ^Xa.Xi =: ^Cxo,Xi- 

We now define the vector spaces X"(JF) of the cochain complex we are looking for as follows: 

nxo,...,x„e|e:|^^*(*^-^^o,...,x„,^Cxo,...,x„) n> 1 
otherwise 



Notice that they are indeed vector spaces over K because we are assuming that the target 2- 
category S) is X-linear. According to this definition, a generic element e X"(JF), n> 1, is of the 
form (f) = (0xo,...,x„)xo,...,x„, with 0Xo,...,x,. = {0(/o, ■ ■ • ,/n-i) I fi e |c:(X„_j_i, X„_i)|, i = 
0, . . . , n — 1} and 

(/.(/o, . . . , : o T{h) o . . . o T{fn-i) =^ ^(/o ° /i o • • • o /„_i) 

a 2-morphism natural in (/o, . . . , fn-i)- On the other hand, the "padding" composition operators 
introduced in Section 3 allows us to define coboundary maps S : — > for all 

71 > 2, in the usual way. So, if e X"-i(J^), Scf) e X"{T) is given by 

{H){h, /l, • ■ • , fn-l) =ri.;f(/o) ° ■ • ■ , fn-l)\j^(Xo),J'{X^) + 

J^{Xa).,J'{X„) i- 

i=l 

+ (-I)"r0(/O, • ■ • ,./n-2) O l.?-(/„^i)l.F(Jfo),.F(Jf„) 

for all e \€{Xn-i-i,Xn-i)\, i = 0, . . . ,n - 1. 

Proposition 6.1. For any K-linear unitary pseudofunctor T = .F*, .?^*), the pair {X*{T^^ S) 
is a cochain complex. 



^Here, we think of the elementary composition functors y z defined on the product category £(y, Z) X 
£(X, Y), instead of £(X, Y) X £(y, Z). Hence, they differ from those appearing in Definition by a permutation 
functor. 
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Proof. The map S is clearly linear in (j). On the other hand, naturality of (p{fi, . . . in 
ifi,--- , /n-i) easily implies the naturality of each summand of (5((/))(/o, .. . , in (/o, . . . ,/n-i)- 
For example, making explicit the padding, the first term is 

\^:F{fo) ° '/'(/l: ■ • ■ ,/n-l)1:F(Xo).^(X„) = ^{fojl O • • • O fn-l) ■ (ljr(/o) °<P{fl, ■ ■ ■ Jn~l)) 

Now, for any 2-morphism (tq, . . . , t„_i) : (/o, . . . , fn-i) (/o, • • • , the naturality of T 

and (/) in its arguments and the interchange law gives that 

J^(ro o . . . or„_i) • o </)(/i, . . . , /„-l)ljr(A'o),:c-(A'„) = 

= JP(to o . . . o t„_i) • :?^(/o, /i o . . . o /„_i) • o . . . , /„_i)) 

= -^C/o, /( o ■ • • o fn-l) ■ (-^(t-o) o o . . . O T„_i)) ■ (1:F(/o) o 0(/i, ■ • ■ , /«-l)) 

= ^(/o, /( ° ■ • • ° • (-^(to) o [Hn 0...0 r„_i) • . . . , /„_i)]) 

= Hfo, /( ° ■ • • ° fLi) ■ (Hro) o [</>(/{, . . . , f:,^,) • (^(n) o . . . o ^(r„_i))]) 

ri^(/o) ° '/'(/i: ■ • ■ ,/«-i)l^(Ao),^(X„) ■ (J^(ro) o jr(ri) o . . . o jr(T„_i)) 

The other terms are similarly worked. Finally, to prove that = 0, notice first that, in computing 
5"^ ((/)) , one can initially forget the padding operators and take them into account at the end of the 
computation. For example, the first term of (5^(0) reads 

^([1^ ° </'l)(/0, • ■ • , /n) = ri^(/o) ° ri^(/,) ° '/'(/2, • . • , 

n 

^(~irrr(i^o0)(/o,... ,/,„io/„... ,/„)]] 

i=l 

Now, it is easy to check that the horizontal compositions of the 2-morphisms 1:f(/o) and 1:f(/„) in 
the first and last terms commute with the padding. Our assertion follows then from the obvious 
fact that taking a padding of a padding is the same as doing nothing. So, let's provisionally 
forget the extra padding operators in the computation of d'^{(f)) and use the same argument which 
shows the S in the bar resolution satisfies 5^ = to deduce that the terms formally cancel out 
each other. Reinserting now the padding operators in each summand of this formal expression, 
corresponding terms still cancel out each other because, by the coherence theorem, their paddings 
will also coincide. □ 

This complex will be called the purely pscudofunctorial deformation complex of and the corre- 
sponding cohomology will be denoted by H* (T) . Notice that the dependence of this cohomology 
on the structural 2-isomorphisms J-,, of is entirely encoded in the padding operators involved in 
the definition of 6. 

6.3. Let us suppose that both C and D have only one object. Let us denote by X the only object 
of C, so that the J-{X) will be the only object of S). If we denote the (unique) composition functor 
cx,x,A' : C{X,X) X C{X,X) — > C{X,X) in C by 0*^ and in the same way denote by ®^ the 
(unique) composition functor in X), the purely pscudofunctorial deformation complex of J- clearly 
reduces to 

^ r Nat((®^)"o.F",.Fo(®C)n) „>i 

[0 otherwise 

which is exactly the cochain complex associated by Yetter to a semigroupal functor. We have 
then the following generalization of Yetter's result [p8[: 
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Theorem 6.2. The equivalences classes of purely pseudofunctorial first order deformations of a 
K-linear unitary pseudofunctor J- ^ (|JF|, J^*, J^*) are in bijection with the elements of H^{J-). 

Proof. Let us consider 2-isomorphisms J-^{g, f) ~ J'{g, /) + J'^^HQ: f)^ ^-nd (jFo)e(X) = lid^(Y) + 
T^^\x)e, with : T{g) o T{f) T{g o /) and T^^^ : T{idx) =^ id^(x). We want 

to find the necessary and sufficient conditions on the J'^^'^{g,f) and the !F^^\x,Y) for these 
2-isomorphisms to define a purely pseudofunctorial first order deformation of J-. Let us first 
observe the following, which in particular shows that such a first order deformation of a unitary 
pseudofunctor is completely determined by the 2-morphisms ^'•^■'(.9i/) 0' 

Lemma 6.3. Let J- = (| J-"*, be a K-linear unitary pseudofunctor between K-linear 2- 
categories £ and £), and let's consider a purely pseudofunctorial first order deformation given by 
2-morphisms .^'^■'(.g, /) and J^q^\x) (the deformation need not be unitary). Then, for all objects 
X of £, we have: 

(i) J^{idx,idx) = lid^(x) • 

(it) :F^''\x) = T^^Hidx,idx)- 

Proof, (i) For any pseudofunctor between 2-categories, it directly follows from the axioms that 
J-(f,idx) — ° ^o{X), for all 1-morphisms /. In particular, this is true when / ~ idx- Now, 

if J- is unitary, we have J- (idx) — idj^{x)i and since in any 2-category identity 2-morphisms of 
an identity l-morphism are units with respect to horizontal composition, we get J- {idx , idx) = 

(ii) The same argument as before shows that {!Fo)e{X) = T^(idx ,idx). Notice that, although 
.?£ is no longer unitary, it still holds that J-e{idx) = ic?:r,(x)7 which is the only thing needed to 
show the previous equality. The desired result follows then by taking the first order terms in e. □ 

Let us now prove the proposition. According to the lemma and the definition of a pseudofunc- 
tor, the 2-morphisms J-'^^\g,f) and J^q^\x) above define a purely pseudofunctorial first order 
deformation of T if and only if: (1) !Fq^\x) = !F^^\idx, idx), and (2) the T^^\g, f) are such that 



J^^[g,f) is natural in ((?,/) and satisfies the hexagonal and triangular axioms in Definition 2.3 



Since ^{g, f) is natural in g, f by hypothesis, naturality in / of J-e{g, f) amounts to the natural- 
ity of /) in 5, /. Hence the J^*-^-* (p, /) define an element .F*-^-* £ X^{!F). On the other hand, 

the hexagonal axiom on J-f^ gives the following condition on ^'^'t for all composable morphisms 
X Z -^T 

T{K gof)- o ^(1) {g, /)) + ^(1) {h, go/), (l^(^) o T{g, /)) = 

= ^(1) {h ogj). {T{h, g) o + T{h ogj). {T^^) {h, g) o l^j^)) 

It is easily seen that this condition exactly corresponds to the fact that 6{J-'^^^) = 0. Hence, 
is a 2-cocycle of the complex X'{!F). As regards the triangular axioms, notice that they imply 
no additional conditions on J-^^\ For example, since x,idx), the first of these 

triangular axioms gives the condition 

T^'Hf,idx) - l:F(f)Op'H^dx,idx) 
for all 1-morphisms / : X — > Y. Now, this condition is nothing more than the condition 
5{J-^^^){f ,idx,idx) — 0, as the reader may easily check. 



This result should be viewed as an analog of Yetter's result that a semigroupal deformation of a monoidal 
functor uniquely extends to a monoidal deformation. See |P9(|, Theorem 17.2. 
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Suppose now that the 2-morphisms {J'^^^Yig, f) define another purely pseudofunctorial first 
order deformation of equivalent to the previous one. We need to show that J^^^^ and (JF^^^)' are 



cohomologous 2-cocycles. Now, from Proposition 5.10 and by definition of S, it follows immediately 



that both deformations are equivalent if and only if there exists € X^{J^) such that 



as required. Let's remark that the third condition in Proposition 5.1C is again superfiuous. Indeed, 
just take f = g = idx in the second condition and use the previous lemma to conclude that 

(T^'^'YiX) - 4'\X) = iT^'^y{idx,idx) - T^'\idx,idx) = ^^'H^dx) = MX) ■ ^'\idx) 

□ 

7. COHOMOLOGY THEORY FOR THE DEFORMATIONS OF THE PENTAGONATOR 

7.1. In this section we initiate the study of the infinitesimal deformations of a i^-linear semi- 
groupal 2-category (£, (g), a, tt). Notice first of all that, according to Definition [3.11 , in a generic 



infinitesimal deformation of £ all structural 2-isomorphisms ®((/', g'), (/, g)), '<S>o{X, Y), a{f, g, h), 
7rx,Y,z.T will be deformed. Now, instead of treating directly such a generic deformation from the 
outset, we will proceed in three steps. So, in this section we consider those infinitesimal deforma- 
tions where only the pentagonator is deformed, the tensor product and the associator remaining 
undeformed. They will be called infinitesimal pentagonator-deformations. In the following sec- 
tion we will treat the case where both the tensor product and the associator are simultaneously 
deformed, although under the assumption that the tensor product remains unitary, even after 
the deformation. These deformations will be called infinitesimal unitary (tcnsorator,associator)- 
de formations. We will obtain in this way two different cohomologies that separately describe the 
deformations of both parts of the semigroupal structure. Section 9 is devoted to sec how both 
cohomologies fit together in a global cohomology describing the generic infinitesimal unitary de- 
formations. 

7.2. Let us consider an arbitrary X-linear semigroupal 2-category (£, ®, a, tt). Recall from Section 
4 that, given the data (£, (8), a), a pentagonator tt is defined as a modification between two induced 
pseudonatural transformations (g) which satisfies the K5 coherence relation. 

More generally, given the pseudofunctor (g) : £ x £ — > £, we can consider the induced pseudo- 
functors ® : Cx x£ — > £, 71 > 3, defined by 

(g)(") = (g) o (idfT X ®) o (idfT X idfT x ®) o • • • o (id^^x ■ ■ ■ xid^r x (g)) 

n — 2) 

(")(g) = o ((g) X idff-) o (g) X idff- X idff-) o • ■ • o (g) x id^fX ■ ■ ■ xidq-) 

These are just two examples of a lot of induced tensor products of multiplicity n. In the same 
way, we can generalize the induced pseudonatural transformations to suitable pseudonat- 

ural transformations o("),(")a : g)(") =^(") (g, for all n > 4. Here, we also have many possible 
choices, because there are many possibles a-paths (i.e., paths constructed as compositions of ex- 
pansions of instances of the 1-isomorphisms ax,Y,z) from the completely right-parenthesized object 
g)(")(Xi, . . . , Xn) to the completely left-parenthesized one ^"^ g) (Xi, . . . , X„). In the case n = 4, 
the 1-isomorphisms of a^^-* and '■^'a are defined by taking the extremal paths, i.e., those charac- 
terized by the fact that, in each step, always the most internal parenthesis or the most external 
parenthesis, respectively, is moved. This leads us to introduce the following generalization. 



Definition 7.1. Given 1-isomorphisms a(x yz) ■ X (g) (Y (E) Z) — > {X (g) Y) ^ Z for all objects 

An) 



{X,Y,Z) of £3, let a^^^ '•"^a^Xu- ,x„), n > 4, be the a-paths from ,X„) to 
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Xn-1 Xn 




Xn-2 Xn-1 X„ 



An) 




'axi,... ,x„ 

Figure 7. A graphical representation of the objects . . . ,X„) and (Xi, . . . ,X„). 



O (^1, ■ • ■ ,Xn) induced by the ax,YZ corresponding to always moving the most internal 
parenthesis and the most external parenthesis, respectively. 

It is possible to give a more explicit description of these 1-isomorphisms. Indeed, the objects 
{Xi, . . . , Xn) and ^"^ (8) {Xi, . . . , Xn) can be graphically represented as in Fig.|^. Then, the a- 

(n) 

path a)^^ corresponds to moving to the left all the legs associated to the objects X2, ■ . ■ , Xn-i, 
starting with Xn-i and so on until X2, while the path ^"'^axi,...,x„ corresponds to doing the same 
thing but starting with X2 and so on until Xn-i- Using this graphical presentation, we obtain the 
following description of both paths: 



Lemma 7.2. For any n > A and any objects Xi, 



, Xn, we have 



^Xi.,. 



(") 



ajfi,...,x„ 



n( 

\i=3 



n-1 

n 



((axi,(-2)o(X2,... ,x,^i),x, ® idx,+i) ® idx,+2) ' ' ' ) ® idx„ j o 
o iidx^^a'^x^y^xJ 



i{Xu... ,X„_i),X„ 



-^HXr,- 



■ ,x^) 



,("-!) 



(the product denotes composition of 1-morphisms and the symbol (g) in the term idxi^cij 
intended to mean the composition of the tensor multiplications of idx^ by each one of the compo- 
sition factors defining al^'^ ). 

For example, when n = 5, the reader may easily check that one recovers the a-paths that appear 
in Fig. ^ defining the common boundary of the polytope. 

By definition, the pseudonatural isomorphisms (induced by a) 

whose 1-isomorphisms are precisely the above 1-morphisms a'"-^^ ^ axi,...,x„- So, from the 
formulas defining the vertical composition of 2-morphisms and the horizontal compositions of the 
form ^ o Ijjr (see Section 2), it is clear that ^"■'a is the pseudonatural isomorphism given by the 
pasting 



n(aol(„_. 



)(8xidcX(g)(»-i' 



the product here denoting vertical composition of pseudonatural transformations. The formula 
giving the pasting that defines a^"^ is a bit more complicated and is omitted because it is not 
relevant in what follows. In Fig. ||, however, both pastings are explicitly represented in the case 
n ~ 5. This defines the pseudonatural isomorphisms o^^V"^ 0, for all n > 4. When n = 1, 2, 3, let 
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^2 ^ (T 



Figure 8. Pastings defining the pseudonatural isomorphisms ^^^a and a^^^ 

us take (8)(^) =(^) ® = «), =^"^^ ® = id^r and define 

a(3) =(3) a = a 
a(2) =(2) a = 1« 
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(n + l) 









f, ^9,9' 




Y' - 
' 7' 






O'Xo,... ,x„ 



Figure 9. Extending by canonical 2-isomorpliisms. 



7.3. Wc can now define the cochain complex we are looking for. So, for all n G N, let's denote 
by Xpg„j(£) the following vector spaces over K: 

PseudMod(a("+i) a) if 71 > 
otherwise 

where PseudMod(a'^""'""'^V"~'^^'' denotes the set of pseudomodifications from t o ("+^)a (see 

Definition p?^ ). They are indeed vector spaces over K because of Proposition 5.2. As for the 
coboundary operator Spent ■ ^pent(^) — * ^penti'^)' would like to take the usual formula, i.e.. 



+ {-ir^'nx„ 



■ ,x„ 



But the 2-morphisms corresponding to each of the terms in this sum are not 2-cclls from a -^^ 



(n+l) 



to 



{n+V 



o-Xo....,x„, as required. If cr : / =^ /' denotes any one of these 2-morphisms, the situation 
is like that in Fig. |^. Note, however, that /, /' are always a-paths, because n is a modification from 
qC") to ("^a. The claim is that, once more, there exist suitable analogs of Crane- Yetter's "padding" 
operators in this 2-dimensional setting of pastings that give sense to the previous definition. Behind 
these new "padding" operators there is again a coherence theorem, which in this case can be stated 
as follows: 

Theorem 7.3. Let (£, 0, a, tt) be a semigroupal 2-category, and let U, V be any two objects of £ 
both obtained as a certain tensor product of the objects Xi,. . . Then, given any two a-paths 

from U to V, there is a unique 2-isomorphism between them constructed as a pasting of instances 
of the structural 2-isomorphisms of€. and identity 2-morphisms (of expansions of instances) of the 
structural 1- isomorphisms. 

Proof. Although this is a pa rticular consequence of the strictification theorem for semigroupal 2- 
categories (see Theorem |4.8| ), let's give a direct and somewhat more appealing argument using the 
Stasheff polyhedra Recall that in |Q, the author introduces, for each 71 > 2, a polyhedron 
Kn whose vertices are in bijection with all possible parenthesizations of a word X1X2 ■ ■ ■ Xn of 

length n and whose edges all correspond to moves of the type — ( ) — > ( ) — , where — 

stands for a letter or a block of letters. Stasheff shows that if„ is homeomorphic to the {n — 2)- 
dimensional ball In particular, K5 is a homeomorphic image of the 3-ball whose faces (six 

pentagons and three quadrilaterals) are those represented in Fig. |^. On the other hand, notice that 
the (n — 3)-dimensional faces of Kn constituting its boundary dKn correspond to all meaningful 
ways of inserting one pair of parentheses X1X2 ■ ■ ■ {xk ■ ■ ■ Xk+s-i) ■ ■ ■ Xn, where 2 < s < n — 1 and 
l<fc<n — s-l-1 (in particular, Kn has n{n — l)/2 — 1 such faces). Since the next insertion 
of parentheses must be either within the block {xk ■ ■ ■ Xk+s-i) or treating this block as a unit, 
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this face can be thought of as a homeomorphic image of Kn-s+i x Ks- AU these faces are not 
disjoint, but intersect along their boundaries in such a way that the "edges" so formed correspond 
to inserting two pairs of parentheses in the word xi ■ ■ ■ Xn- This allows one to construct the if„, 
for all n > 2, by induction: K2 is a point, and given K2, . . . , Kn-i-, the next one Kn is defined as 
the cone on 5if„, where dKn is a quotient of the form 



with 2 < s < n — 1 and 1 <fc<?i — s + 1. 

MacLane's classical coherence theorem for semigroupal categories (see, for example, [26 ) is 
nothing more that an algebraic interpretation of the fact that the 2-dimensional skeleton of Km 
for all n > 4, is a union of homeomorphic copies of K/^ or A'3 x A'3 (see |3^), a copy of K/^ 
corresponding to an instance of the Stasheff pentagon axiom and a copy of ATs x ATa corresponding 
to an instance of a naturality square of ax.Y.z applied to a morphism which is itself some ax' .v .Z' ■ 
In the same way, the above coherence result we want to prove is a consequence of the following 
fact about these polyhedra: 

Lemma 7.4. For all n > 5, the 3- dimensional skeleton of Kn is a union of homeomorphic copies 
of A'5, A'3 x A'4 or K3 X K3 X K3. 

Proof. Indeed, the 3-cclls of Ar„ correspond to all ways of inserting n — 5 pairs of parenthesis in 
the word xi • ■ • x„. Now, as we have seen before, the insertion of the first pair gives an (n — 3)-cell 
of Kn homeomorphic to a suitable product Ks' x Kg'^ . Similarly, the insertion of the second pair 
corresponds to an (n — 4)-cell of Kn homeomorphic to some product Ks>^ x Kg'^ x K^i^ , because it is 
obtained by substituting one of the previous factors Kg/ for one of its faces, etc. We conclude that 
all 3-cells of Kn will be homeomorphic images of a suitable product AT^^ x • • • x Ks„_^. Furthermore, 
since ATj. is of dimension — 2, it must be (si — 2) + • • • + (s„_4 — 2) = 3. This, together with 
the fact that > 2 for all i = 1, . . . , n — 3, implies that at most three of the Si can be greater 
than 2. In other words, any 3-cell of A'„ is homeomorphic to a product of ri — 7 copies of K2 by 
A'3 X ATa X ATs, by K2 x K3 x K4 or by K2 x K2 x A'5. □ 

To prove the proposition using this lemma, let's consider the (CE), a, TT)-realization of Kn associated 
to the objects Xi, . . . ,Xn, defined as follows: (1) as vertices, it has all possible tensor products of 
Xi, . . . , Xn, with all possible parenthesizations, (2) as edges, it has expansions of instances of the 
structural 1-isomorphisms ax^Y.z, and (3) as 2-faces, instances of the structural 2-isomorphisms 
'8'((/', (/j ff))! ®o{X,Y), o,{f,g,h) and nx,Y,z,T- Observe that, here, the X,Y,Z,T are all 
objects obtained as tensor products of the Xi, . . . , Xn, and that the /, g, h, /', g' are all identity 
1-morphisms or instances of the 1-isomorphisms ax,Y,z- Any a-path from J7 to is then a path 
in this realization of A'„, and the 2-isomorphisms mentioned in the proposition between two such 
paths correspond to 2-faces between them in this realization. Now, two such 2-faces are equal 
whenever the 3-ccll diagram they define is commutative. But, according to the previous lemma, 
any 3-cell in Kn is a union of 3-cells of the types A'5, K3 x K4 and K3 x A'3 x A'3. The proof of 
the proposition then finishes by checking that the 3-dimensional diagrams corresponding to these 
three possible types of 3-cells arc just realizations of A'5, pentagonal prisms corresponding to the 
naturality of the pentagonator in any one of the variables and instances of the cube in Fig. ^ all 
of them commutative by hypothesis. □ 

This unique 2-isomorphism will be called the canonical 2-isomorphism between both a-paths. 
Using them, we can extend any a : f =^ f above to a 2-morphism from a^'"*^^^ x ^"^^'''^Xo,... ,x„ 
as follows. Since the source and target objects Y, Y' of / and /' are canonically isomorphic 
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to the reference objects (g)("+i) (Xq, . . . ,X„) and ® (Xq,... ,X„), we can choose a-paths 

g : «)("+i)(Xo,. .. ,X„) — >Yandg' : F' — ®{Xo, . . . ,X„), represented in Fig. | by dashed 
arrows. Now, by the previous coherence theorem, there are unique canonical 2-isomorphisms 

7s, g' : axot^.'',x„ =^ g' ° f ° 9 and 7^ g, : g' o f o g 0^0,. .. ,x„- The desired extension of a 

is then the pasting 

rMls,s' := 7s,g' ■ (V o cr o Ig) ■ 7g,g,. 
Since the 2-morphism a will not generally be a pasting of the structural 2-isomorphisms of €, this 
extension may a priori depend on the paths g,g'- The next result shows that this is not the case. 

Proposition 7.5. In the above notations, the extension Wcrllg^gi is independent of the chosen 
canonical 1- isomorphisms g,g'. In particular, there is a unique extension of a by canonical 2- 
isomorphisms. 

Proof. Let g, g' be any other choice. Then, we have the two extensions 

rMls,S' = 7g.g' • (Is' O Cr O Ig) • Jg^g, 
rMls,S' = 7§,g' • (Is' O CT O Ig) • 7g_g, 

Now, since g,g are both canonical 1-isomorphisms between the same vertices, coherence theorem 
implies that there exists a unique canonical 2-isomorphism r : g =^ g. By the same reason, we 
also have a unique canonical 2-isomorphism r' : g' =^ g' . Hence, the pastings 

(r' O 1^ O r) • Jg^g, 

define canonical 2-isomorphisms from a^^^^ x 9' ° f ° 9 and from g' o f o g to ^^^^^ oxq,... ,x„ , 
respectively. By unicity, we must have 

7S,S' = O 1/ O • -Ig^g, 

Hence, applying the interchange law, we obtain that 

rMls,s' = 7;s' • {{r'r^ ° l/' ° r-^) ■ (Is' ° ^ ° Is) ■ {r' o 1/ o r) ■ 7s,s' 
= 7g,s' • (Is' °cr° Is) •7s,s' 

- rMis,s'- 

□ 

Corollary 7.6. Let us consider a 2-morphism a : f => /', where /, /' are some a-paths between 
suitable parenthesizations of the tensor product of Xq, . . . ,X„. Then, there exists a unique exten- 
sion of a by canonical 2-isomorphisms to a 2-morphism between the reference a-paths a'x^^"' x 
and ^"+^^axo,... ,x„ • 

Let us denote by \\cr~\~\ this unique extension of a by canonical 2-isomorphisms. The [[— ]] are, 
then, the analogs of the "padding" operators in this 2-dimensional setting (for the chosen reference 
1-morphisms). Notice that they should be strictly denoted by [[— ]]xo,... ,x„: because there is such 
an operator for every ordered set of objects (Xq, . . . , X^). 

We can now define the coboundary operator Spent '■ -^pent(^) — ^ -^penti^) by 
(<5pe„t(n))xo,...,x„ = WUdxa «'nxi,...,xJ1 

71 

+ ^(-l)^rrnxo,...,x.„i8X.,...,x„1l +(-l)"+nrnxo,...,x„_i®l.d.Jl. 

4=1 
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Figure 10. Natural! ty of the first term in 5p^nt{^)- 



Using similar arguments to those made to prove Proposition 5.1, it can be shown that 



Proposition 7.7. For any K-linear semigroupal 2-category (£, 0, a, tt), the pair (X*g„j(£), Spent) 
is a cochain complex. 

This complex will be called the general pentagonator-deformation complex of (£, (8), a, tt) , and the 
corresponding cohomology groups will be denoted by 7?*g„((£), the semigroupal structure ((8), a, tt) 
being omitted for the sake of simplicity. Note that the dependence on the pentagonator tt comes 
exclusively through the "padding" operators [[—]]. Although this complex and its cohomology 
will be relevant in the sequel, it is not the right complex describing the infinitesimal pentagonator- 
deformations. Indeed, we need to take the following subcomplex: 

Proposition 7.8. The vector subspaces Mod(a'"V"'' a) ^ ^perit(^) define a subcomplex of the 
general pentagonator-deformation complex of £. 

Proof. We only need to sec that the naturality of the nxi,... ,x„ in (-'^i, ■ • • , Xn) implies that of the 

(<5pent(n))xo,... ,Xn in (-'^0: ■ • ■ 7 Xn). Let us consider for example the first term [[lidxo ^'^-''^i x„^^■ 

The naturality in (Xi, . . . , X„) of nxi,... ,x„ implies that of lidxo '^'^^i, -- '^^ i-^o, ■ ■ ■ , Xn). So, 
the situation is like that in Fig. with two cylinders, one inside the other. We already know 
that the inner one commutes, and we want to see that the same is true for the outer one. Let's 
think of this outer cylinder without the inner one as being decomposed in its upper and lower 
halves. Each one of these halves is itself a cylinder. Now, both bases of any one of these cylinders 
will correspond to modifications between 

^(n+l) Qj. (n+l)a 

and some other induced pseudonatural 
isomorphism. Indeed, they are nothing more than the canonical 2-isomorphisms of the previous 
coherence theorem between the corresponding a-paths. But these 2-isomorphisms are pastings of 
2-isomorphisms all natural in {Xq, . . . , Xn). It then follows that both halves also commute. □ 

This subcomplex will be denoted by and called the pentagonator-deformation complex 

of £. If we denote its cohomology by we have the following: 

Theorem 7.9. For any K-linear semigroupal 2-category (£, 0, a, tt), the uj- equivalence classes of 
its first order pentagonator- deformations are in bijection with the elements of Hp^^^{(t). 
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Proof. Let's consider 2-isomorphisms of the form 

§.((/', 5'), (/,. 9)) = 9'), (/,<?)) 

ae{f,g,h) ^a{f,g,h) 

{'!^e)x,Y,Z,T = '!^X,Y,Z,T + {t^^^^)x,Y,Z,T£ 



From Proposition 4.2, it is easy to check that they define a semigroupal structure on (L^^^ (hence, 
a first order pentagonator-deformation of £) if and only if the following conditions are satisfied 
(each condition is identified by the structural equation it comes from): 

AttI: The tt^Vzt ^^'^ natural in {X,Y, Z,T), i.e., they define an clement tt'^' e Xpg„j(£). 

The remaining structural equations are clearly superfluous in this case. This proves that first order 
pentagonator-deformations of £ indeed correspond to 3-cocylces of X*g„(£). 

Let's suppose now that two 3-cocycles tt'^^^ and (tt'^^')' define w-equivalent first order pentagonator- 



deformations. We need to see that they are cohomologous cocycles. Indeed, from Proposition 5.14 , 
it easily follows that both deformations are w-equivalent if and only if there exists 2-morphisms 
{uj'-'^'^)x,Y,z ■ o,x,Y,z =^ o.x,Y,z, hence, and element w'^' G X^g„^( £), s uch that (each condition is 
again identified with the correspondiong condition in Proposition |5.f 4| it comes from) 

Ewl: The {uj'^^^)x,y,z are natural in {X,Y,Z), i.e., w^^) e X^enti^)- 
Eiu2: (^(i))'-^(i) = -<5p,„,(a;W) 



(the remaining conditions {Eijjl)--{Eijj3) in Proposition 5.14 are clearly empty in this case). Hence, 



both 3-cocycles are indeed cohomologous. □ 

8. COHOMOLOGY THEORY FOR THE UNITARY DEFORMATIONS OF THE TENSOR PRODUCT AND 

THE ASSOCIATOR 

8.1. As already indicated in the previous section, in this section we give a cohomological de- 
scription of the infinitesimal unitary^ (tensorator,associator)-deformations. To do that, we will 
make the simplifying assumption that the undeformed semigroupal 2-category is actually a Gray 
semigroup, since otherwise the theory becomes extremely cumbersome. This means, however, no 



loss of generality because of Theorem 4. 



The situation we will encounter for these deformations closely resembles the cohomology theory 
discovered by Gerstenhaber and Schack|l^ to describe the infinitesimal deformations of a bial- 
gebra, and later extended by Crane and Yetter Q to the case of a bitensor category (i.e., the 
categorification of a bialgebra). So, we associate a double complex to any A'-linear Gray semi- 
group and prove that the second cohomology group of the corresponding total complex provides 
us with the desired description of the simultaneous first order unitary deformations of both the 
tensor product and the associator. As we will see, the role played by the multiplication and comul- 
tiplication in the bialgebra case corresponds in our case to the tensor product and composition of 
1-morphisms. Furthermore, from this double complex we will easily get cohomologies describing 
the (unitary) deformations of the tensor product and the associator separately. Roughly, they are 
respectively related to the rows and the columns of the double complex of (£, 0), in much the same 
way as in the classical bialgebra case. 



^Recall that the term unitary appUed to an infinitesimal deformation always means that the deformed tensor 
product is supposed to be still unitary, i.e., such that the 2-isomorphisms ^o{X,Y) remain trivial even after 
the deformation. At the moment of writing, the author doesn't know how to take into account the non trivial 
deformations of these 2-isomorphisms. 
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8.2. Let (£, ®) be a i^T-lincar Gray semigroup. In particular, ® : C x £ — > £ is a eubical pseudo- 
functor. Recall, however, that not all cubical pseudofunctors will provide the 2-category £ with 
the structure of a Gray semigroup. More explicitly, the non-trivial 2-isomorphisms g'), (/, g)) 

must additionally satisfy the equation 

(®((/', 5'), (/, g)) ® ^h'oh) ■ g', h'), if ® .9, /i)) = 

= (l/'o/ ® ®((5', h'), (5, /i))) • g((/', g' ® /i'), (./, 5 ® /i)) 



coming from the structural condition {Aa2) in Proposition 4.2 when the associator is trivial (the 
reader may easily check that the remaining structural equations (AaS) and (Anl) — {Att2) give no 
additional conditions on ®). 

Recall from the previous section that, for all n > 1, wc introduced pseudofunctors (g) : 

") 

Cx ■ • • x£ — > £. Then, because of the above additional equation on ®, in a Gray semigroup we 
have the following: 

Proposition 8.1. Let (£, ®) be a Gray semigroup. Then, for all n > 1, we have the equality of 
pseudofunctors 

(")® = := (g){n). 

Moreover, is unitary 

Proof. For ri = 1, 2 it is obvious. Let's consider the case n > 3. Since the structural isomorphisms 
ax,Y,z, ff, h) and ®o{X, Y) are identities, it is clear that we only need to prove that 

(^((/{,... ,/;),(/!,...,/„)) = ®(^)((/{,... ,/;),(/!,... ,/„)) 

The proof is by induction on n. The case n = 3 is nothing more than the previously mentioned 
additional equation, as the reader may easily check. Let n > 3. By definition of and using 
the induction hypothesis, we have 

(^((/(, . . . , /;), (/i, ...,/„)) = (»((/(, /^), (/l, /2)) ® l(/^o/3)«...«(/4o/„)) ■ 

• (^^((/(®/2,- •■,/;),(/! ®/2,... ,/„)) 
= (^((/{, /2), (A, /2)) ® l(/^o/3)®...0(/4o/„)) ■ 

• ® /2, ■•■,/;), (/l ® /2, /n)) 

Now, from the definition of and using the equality (r' • r) ® (cr' • cr) = (r' (g) cr') • (r cr), it 

follows that 

^'Kifi ® /2, • ■ ■ , (/l ® /2, . . . , /n)) = (l(/;0/^)o(/,®/.) ® ^Kif3. frX ih, fn))) 

■ ® /2, /3 ® ■ ■ ■ ® (/l » /2, /3 » ■ • ■ ® /«)) 

Therefore, we have 

(")®((A ® /2, ■ • ■ , (/l ® /2, . . . , /n)) = (§((/{, /2), (/l, /2)) ® l(/^o/3)«...8(/;o/„)) ' 

■ (l(/(®/Do(/,«/.) ® ®(^H(/3, ■ • ■ , (/3, • ■ • , fn))) ■ 

■ ® /2, /3 ® • • • ® (/l ® /2, /3 ® • ■ • ® /n)) 

= (l(/(o/i)®(/^/.) ® ®^H(/3, ■ ■ ■ , fn), (/3, • . • , /n))) ' 

• /2)' (/l> /a)) l(/:5®---(»/4)o(/3(»--®/„)) • 

• ® /2, /3 ® ■ • ■ ® /n)> (/l ® /2, /3 ® • ■ • ® /„)) 

The proof finishes by applying {Aa2) to the last two factors. □ 
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Figure 11. Arrangement of the vector spaces = X" ^(C) 



8.3. Since all the pseudofunctors ®{n) are unitary, we have for each of them the corresponding 
cochain complex X*((8>(?^)), n > 1, describing their purely pseudofunctorial deformations (see 
Section 6). More precisely, if m < 0, X™-{®{n)) = 0, while for all m > 1, it is 

X"'{®{n))^ n Nat(C0(n)(xO)_._(^„),®(n)C(xO),...,(x7.)) 

{x°,... ,x°).... .{XY^,... ,x^)6ie:" 

To simplify, we write (X/) instead of [Xl, . . . , X-j^). Here, C®{n)(^x°) (x™) and ®{n)C(x°).... .(x™) 

denote the functors 

e:"((xr-\ . . . (xr, ... X ... X . . . ,xl), {xl . . . ,xl)) 

^ i{x° ■ . . x,",, ® . . . ® x;:') 

which apply the composable 1-morphisms 

[fl . . . ,/r) : {x^'^-\ . . . ^ {xr-\ . . . * = o, . . . ,m - 1 

to (/I ® • . . ® /o") ° • • • ° ® • • ■ and (/qI o . . . o . ■ . ® (/J o . . . o/^_i), respectively. 
Hence, a generic element £ X'"((8)(ri,)) is a collection of 2-morphisms 

. . . , /o"), . . . , (/„Vi, . . . , /„Vi)) : (/o ® ■ ■ ■ ® /o') ° ■ ■ • ° (/i-i ® ■ ■ ■ ® =^ 

=^ (/o ° ■ • • ° • • • ® (/^' ° • ■ • o 

natural in the (//, . . . , /f). In particular, notice that the structural 2-isomorphisms ®{{f',g'), (/, g)) 
define an element (g) g X^((g)(2)), while the a{f,g,h) define an element a £ X^(®(3)) (the trivial 
one in the case of a Gray semigroup). 

Instead of X™((g)(n)), let's use the more suggestive notation ^'"-^^"^^(e:, (g)), or just ^'"-^■"-^(e:), 
for these iiT- vector spaces (the change of indices is for later convenience) . They can be arranged as 
in Figure ^ with m — 1 > and n — 1 > being the row and column index, respectively. Since 
the elements cj) e X"'-^^°{€) are of the form (^(/o, . . . , fm-i) ■ fo ° ■ ■ ■ ° fm-i fo ° ■ ■ ■ ° fm-i, 
while those G X°'"(e:) arc of the form ... , /") : f ® ■ ■ ■ ® =^ f ® ■ ■ ■ ® we can 

think of the rows and columns as related to the composition and the tensor product, respectively, 
of 1-morphisms. 

Arranged in this way, each row corresponds to the cochain complexes X* {®{n)) , the coboundary 
operators 5h '■ Ar"'^^'"~^(£) — > Ar"''"~^(£), to > 1, being those defined in the previous section. 
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Namely, if S ^"'-^^"-^(e:), then 



{S^mUfo,- ■ ■ Jo), UL fin)) = ^fl^-^fS ° ml fl), UL fn^)^ 

m 

+ E(-i)'r'^((/o, • ■ • , /o ), ■ • ■ , ifl-i of},..., /r-i ° fT), ...,{fi,..., fm + 

i=l 



The claim is that it is possible to define vertical coboundary maps 6v ■ — > 

for all m > 1, making each column a cochain complex and in such a way that the whole set of 

vector spaces and maps define a double complex. Indeed, if </> G let's define 



(<5„(0))((/°,... ,/o"),... ,(/,"„_!,... ,/;;._o) = ri/^...o/:;_,®0((/o\--- Jo"),-- - 

n 

+ E(-i)'r<^((/o , ... ,f^-'^fi^,... , /o"), - - - , (/° -1, - - - , f'-\ ® . - . , + 
1=1 

+ (-1)"+! r</)((/o", . . . , /o"-^), . . . , . . . , ClD) ® l/o"o...o/;i_ J 



Using arguments similar to those used to prove previous results of the same kind, one shows 
the following (once more, the coherence theorem for unitary pseudofunctors takes account of the 
padding operators): 



Proposition 8.2. For all m > 1, the pair {X"^'*{(t),Sv) is a cochain complex. 



Actually, as indicated before, we have the following stronger result, which is fundamental in our 
theory: 



Theorem 8.3. The K -vector spaces X*'*{(t) together with the above maps Sji : X*'*{(t) 
and Sy : X'^'{€) — > X'^'+'^{€) define a double complex. 



Proof. It remains to prove that both coboundary maps 5h and Sy commute. Let's consider an 
element S X™-2."-i(e:), m > 2,n > 1, with (f> = {</)((/!,..., A"), .. . , (/„Vi, ■ • ■ , 
Then, the reader may easily check that 
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n 

1=1 

+ (-i)"+^ri/o^...«/„. o . . . jr'), (/„Vi, ■ • ■ ® i/ro...o/,"„_ji 

rn — l 
m — 1 n 

+ E E(-i)^^' r0((/o°, • ■ • , ir' ® /(]■,•■• , /o ), ■ • ■ , ifii o fi . . . 
1=1 j=i 

m — 1 

+ E (-1)^+"+' r</'((/o°, • ■ ■ , /o . . . , (/ti ° /f, • • • , /r-V ° /r^'), • • • , • • • , /„"i\)) ® hso■■■<^r^.^ 
1=1 

+ E(-i)"''' rr'/'((/o , . . . , /r^ ® . . . , /:), . . . , (/° _2, - - - , /™-2 ® /™-2, - - - , .c-2))i ° j 



while 
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{S.iS.mUfS,--- Jo),-- - ,{fra^l,---Jl^l)) = 

m—1 

+ E (-i)'ri/oo...o/o _^ ® \mi, fo), ... AfLiofi,... , /r-i o /d, . . . , (/^-i, . . . , 
i=i 

+ (-irri/^...o/r, ® r0((/o\--- Jo),-- - ,/™-2))°i/i_,8...^^^^ 
+ E(-i)'ri/««...«/„" ° - - - , /r' ® /I, - - - , /r), - - - , (/° -1, - - - , f„;\ ® - - - , 

n rn — 1 

+ E E (-1)'^' ^'/'((/o > . . . , /r ' ® /o, - - - , /o ), - - - , ° /°, - - - 

1=1 j=i 

+ E(-ir^'r0((/o°,-- - ,/o"'®/o,-- - ,/o"),--- ,(/^-2,-- - ,/;:-2®/™-2,--- ,/™-2))°i/s._,«..w^_j 
1=1 

1 

i=l 

Notice that in both expressions there are nine terms. Now, recaU that taking the padding [— ] of 
some 2-morphism (— ) simply means to take a vertical composition of (— ) with the appropriate 
expansions of the 2-isomorphisms ®(— , — ). It then follows by the interchange law that 

This proves the equality between the second term in the expression of Sh{Sv{4>)) and the fourth 
term in the expression of Sv{6h{(j))). The same argument shows the equality between the eighth 
and sixth terms in the first and second expression, respectively. On the other hand, we can also 
conclude that the first term in is the padding of 

l/o^K'-^/c? ° (l/?o---o/^-i ® ^iifl' - - - ' /")' - - - ' ifm-1: - - - ; /m-l))) 

But by the naturality of the ®(— , — ) (equation {A(E)l)), this is the same as 

-r' ■ (i/o°o...o/^_, » (i/j®-8/o" ° -^((/i ' • • • ' A")' • • ■ ' ■ • ■ ' /"n-i)))) ■ ^'T^) 

whose padding clearly coincides with that of 

l/Oo--o/0„_j ® (l/ig)-®/,!^ ° > ... : fl), ... , ifm-l: - - - ; /m-l))) 

Using now that (r' ■ r) (g) (cr' - a) ~ (r' ® a') - (r (g) a), we obtain that both first terms also coincide. 
Similar arguments can be made to show the equality between both last terms and between the 
terms: third and seventh, fourth and second, sixth and eighth and seventh and third in the first 
and second expressions, respectively. Hence, it only remains to prove the equality between both 
fifth terms in each expression, and this easily follows from the naturality of (j) in its arguments 
applied to the 2-morphism 

i/5®-®/o ° • • • ° (1/°-!°/? ® ■ ■ ■ ® /j-i). (/]"'./])) ® ■ ■ ■ ® ° ■ • • ° ^f°^_,0-mz-i 
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□ 

This double complex {X''*{€),dh,Sy) will be called the extended double complex of the Gray 
semigroup (£, (g)). We are actually interested in the double complex obtained after deleting the 
bottom row It will be called the double complex oi (£, ®). Furthermore, for our purposes, 

we need to take a subcomplex of this double complex. This is related to the fact that we only 
consider infinitesimal unitary deformations. 

Definition 8.4. An element (p G will be called special if whenever (//, . . . , /") = 

{id, . . . , id) for some i £ {0, . . . , m — 1}, it holds 

mo,--- ,/^),... ,/„"-i)) = o 

The set of G m,n> 1, which are special clearly define a vector subspacc, which 

will be denoted by We have then the following: 

Proposition 8.5. The vector suhspaces m,n > 0, define a subcomplex X'''{€) of the 

extended double complex o/(£, ®). 

Proof. We need to see that both coboundary operators Sh and 6y preserve the special elements. 
Indeed, let <f) G Then, from the above expression of ((5/i(0)), it is clear that when 

{{fi J - - - : fi") = {'''d: ■ ■ ■ ,id) for some i G {0, . . . , m — 1}, all terms are zero except the (i + 1)*'* 
and the {i + 2)*'* terms, which are equal but of opposite sign (recall that, ® being unitary, the 
tensor product of identity 1-morphisms is always an identity 1-morphism, and that the identity 
2-morphism of an identity 1-morphism is a unit with respect to horizontal composition). Hence, 
Sh{<l)) is special. On the other hand, if </> is special and ((//,... ,/") = {id,... ,id) for some 
i G {0, ... , TO — 1}, all terms in 5„{(j)) are clearly zero, so that 5v{(f) is also special. □ 

The double complex defined by the vector subspaces m,n>Q, and the corresponding 

restrictions of both 5h and 5y will be called the special extended double complex of (£, (g)), or just 
the special double complex of (£, (g)), when the bottom row is deleted. 

8.4. Let X'g„3^53(£) denote the total complex associated to the special double complex (X*'*(C), 6h, 

of (£, (x)). It will be called the unitary (tensorator,associator)-deformation complex (£, 0). By 
definition, it is the cochain complex with vector spaces 

m + n = q 
TO > 0, n > 1 

and coboundary operators Stens,as.s ■ X^ensMssi'^) — ' X?itns.ass{'^) given by 

Stens,as. = ((-l)"<5/> + Sy) q>l 

m + n = q 
TO > 0, n > 1 

The corresponding cohomology groups will be denoted by H*^^g^^gg{€). The reason we choose the 
above name for this total complex is the following theorem: 

Theorem 8.6. // (£, ®) is a K -linear Gray semigroup, the ip- equivalence classes of its first or- 
der unitary (tensorator,associator)-deformations are in bijection with the elements of the group 

^tens,ass (^) ' 
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Proof. Let's consider 2-isomorphisms 



5'), (/, 5)) = ®((/', 5'), (/, 5)) + ((/', 5'), (/, 9))e 



Substituting these 2-isomorphisms in the structural equations in Proposition O and computing 
the first order term in e, it turns out that they define a first order unitary (tensorator.associator)- 

deformation of £ if and only if the 2-morphisms (g) ((/', g'), (/, g)), a^^^ (/, g, h) satisfy the following 
conditions: 

A(8)l: The (8) (if ,9'), (/, 5)) are natural in {f\g'), (/, 5), i.e., they define an element 



A(g)2: For all composable 1-morphisms (f",g"), {f',g'), {f,g) 

®^'\{f\ .9"), (/' ° /, 9' ° 9)) ■ (!/"«." ° ®((/', 5'), (/, 9))) + 

®((/" , 5"), (/' ° /, 5' ° 5)) • o ®^'\{f\ ff'), (/, 5))) = 

= ° 5" o 9'), (/, 5)) • (®((/", 5"), (/', .9')) ° 1/0.) + 

®((/" ° /', .9" ° .9'), (/, 5)) ■ .9"), (/', 5')) ° 

It is easy to check that this is exactly the condition Shi'S)^^'') ~ 0. 
A§3: For all 1-morphisms (f,g) : {X,Y) — > {X',Y'), it holds 

iE>^'\{idx',idY'),{f,9))^^^'\if,9),{^dx,idY))=0 
Aal: The a'^^\f,g,h) are natural in {f,g,h), i.e., they define an element 

2(1) g x°'2(e:) = xi(0(3)) 

Aa2: For all 1-morphisms (f,g,h) 

i^^'Hif, 5'), (/, 9)) ® U'o/.) • §((/' ® 5', (/ ® 5, /i)) + 

(»((/', 5'), (/, 5)) ® ^h'oh) ■ ((/' ® ff', h'), if ® .g, 

a^'^ if o f, 9 og,h'oh)- (§((/', 5'), (/, .9)) ® Ih'.h) ■ §((/' ® 9', h'), (/ ® 5, hj) = 
- (l/'o/ ® ((5', /i))) • ®((/', 9' ® /i'), (/, 5 ® /i)) + 

(l/'o/ ® M)) • ((/', 5' ® h'), (/, g ® + 

(l/'o/ ® §((5', M)) ■ ®((/', 9' ® /i'), (/, 5 ® /i)) • (2^'^ (/', 5', /i') ° 1 migm)) 

(l/'o/ §((5', h'){g, h))) ■ §((/', g' ® /i'), (/, 5 /i)) • (Ic/'^sO^/i' ° (/' 5, M) 

It is easy to check that this is exactly the condition -|- Shia'^^'^) = 

Aa3: For all objects {X, Y, Z), it holds 

a^^-* {idxjidy, idz) ~ 
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AttI: For all 1-morphisms {f,g,h,k) 

a^^\j,g,h®k) + a'^^\f®g,h,k) = 

= -®'^\{idx',idY'®z't)i,T'),{f,9®h®k)) + 1 f ®a^^\g, h, k) 
+ ®^^\{f, g(S)h®k), {idx,idY^z®T)) + a'^^ (/, g®h,k) 
- ®'^\{idx'(i>Y'®z' , idr'), (f (E> g (E> h,k)) + a^^^ (/, g, h) ® U 
+ S)'^' ((/ '^g'^h, k), {idx(^Y®z,idT)) 

Since the terms in (x)''^' arc all zero by condition (yl03), this exactly corresponds to the 
condition (5t,(a'-^-') = 0. 

As the reader may easily check, the structural equation {Att2) gives no additional conditions for 
this kind of deformation. Now, (A(g)l), (ASs) together with (Aal), (Aa3) say that (a^^), S^^^) S 
^tens,ass{^)- t^e Other hand, we have 

5tens.ass{a^^\®^'^) = (5. (a^^) ) , 5, (a « ) + <5. ) , -<5, (g^'^ )) 

Hence, {A®2), {Aa2) and {Airl) together say that (a^^', (g)'"^') is a 2-cocycle. 

Let us now suppose that ((a^^^)', (^^^V) is another 2-cocycle defining a ^/i-equivalent first order 
unitary (tensorator,associator)-deformati on of £. We need to see that both 2-cocycles are actually 
cohomologous. Indeed, from Proposition 5.14 , it immediately follows that they are -^-equivalent 
deformations if and only if there exists 2-morphisms t/i^^^ (/, g) : f ® g ==> f ® g such that 

£■01: The 'il^^^\f,g) arc natural in {f,g), i.e., they define an element V'*'^'' G X*^'^{(t) 

Ef2: = -'J^^(^''')■ 

E?/'3: is special. 
Eujl: (a(i))'-a(i) =<5„(^(i)). 
(in this case, the condition coming from equation {Elj2) is empty). The first and third conditions 
together say that i/j^^^ G A^'^(£) = ^^^^^^^^.^(C), while the second and fourth express nothing more 
than the fact that 

((ad) )', (§'' V) - («^'\ ) = ^tens,ass (V^^^^ ) 

as required. □ 

8.5. With the above results, it is easy to obtain a cochain complex whose cohomology describes the 
infinitesimal associator- deformations of (£, (8>), i.e., those deformations where only the associator 
is deformed. Indeed, such a deformation is given by 2-isomorphisms of the form 

®.((/',,9'),(/,5)) = ®((./',5'),(/,5)) 

ae{f,g,h) = lf^g(i,h + a^'^\f,g,h)e 

{T^e)x,Y,Z,T = Udx(SY»z»T 

According to the proof of the previous theorem, they define a first-order associator-deformation of 
£ if and only if the aS^\f,g, h) define an element g Ag'^(£) which moreover satisfies that 

5,(a(i))==0-,5,,(S(i)) 
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The first equality just says that a'"'^-' is a 2-cocyclc of the cochain complex 6v), while the 

second one serves to define a subconiplex of this complex. More explicitly, let's define 

Since is a double complex, its horizontal coboundary map is a morphism of complexes. 

But the kernel of a morphism of complexes is a subcomplex. Hence, the subspaccs ^"^^(C), n > 0, 
together with the corresponding restriction of S^, which will be denoted by Sass, define a cochain 
complex. Let us call it the associator-dcformation complex of the Gray semigroup (£, ®). Then, 
if denote the corresponding cohomology groups, the following result is an immediate 

consequence of the previous theorem: 

Theorem 8.7. // (£, eg)) is a K-linear Gray semigroup, the tp- equivalence classes of its first order 
associator-deformations are in bijection with the elements of H^gg(€.). 

Proof. Notice that the -0(1) e ^"'^(C) must be such that (5/,('0(i)) = -(S^^V + ®^^^ = 0, i.e., 
-0'^^ G Xl^^(Cj, as required. □ 

8.6. In a similar way, we can easily get a cochain complex describing the infinitesimal unitary 
tensor ator- deformations of i.e., those deformations where only the tensor product is deformed, 
and in such a way that it remains unitary. Indeed, such a deformation is given by 2-isomorphisms 
of the form 

5'), (/, 9)) = ®((/', .9'), (/, 9)) + .9), (/, 5))e 

aAf,9, = Ifigigm 



Again going back to the proof of Theorem B.6, it immediately follows that they define a first- 



order unitary tensorator-deformation of £ if and only if the ®^^\{f' ^g'), {f,9)) define an element 



S Xl'^{€.) which moreover satisfies that 



Now, recall that X^'^{€) = the special n-cochains of the purely pseudofunctorial de- 

formation complex of the (unitary) pseudofunctor (g) (see Section 6). Then, the first equality just 

says that is a 2-cocycle of this cochain complex X*{^), while the second one serves to define 
a subcomplex of this complex. More explicitly, let's define 

X,:„,(e:) Ker(<5„ : X:+\r^) X:'\€)) n > 

The same argument as before shows that these subspaces define a subcomplex. Let us call it the 
unitary tensorator-deformation complex of the Gray semigroup (€, (8>). Then, if H*^^g{(t) denote 
the corresponding cohomology groups, the following result is an immediate consequence of the 
previous theorem: 

Theorem 8.8. // (£, 0) is a K-linear Gray semigroup, the ip- equivalence classes of its first order 
unitary tensorator-deformations are in bijection with the elements of H^^^g{(t}. 

9. Cohomology theory for the generic unitary deformations 

9.1. In Sections 7 and 8 we have constructed complexes X*g„((£) and ^'ens,ass(^) whose coho- 
mologies separately describe the infinitesimal unitary deformations of the pentagonator, on the 
one hand, and the tensor product and the associator, on the other, of a JT-linear Gray semigroup 
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(£, (g)) (actually, of an arbitrary A'-lincar semigroupal 2-catcgory in the case of the deformations of 
the pentagonator) . The goal of this section is to obtain a cohomology describing the simultaneous 
unitary deformations of both sets of structural 2-isomorphisms. To do that, we will need to go 
back to the bigger cochain complex D X'^^^{€) introduced in Section 7. The appropriate 

cohomology for the generic unitary deformations turns out to be the total complex of a modified 
version of the double complex of (£, (g)) introduced in the previous section. The modification con- 
sists of the substitution of the first column X-^'*{€) in this double complex by a suitable cone of 
that column and the general pentagonator-deformation complex X* 



9.2. Recall that given two cochain complexes (A' , 6a) and {B* , Sb) and a morphism of complexes 
(fi : {A',Sa) — > {B',Sb), the cone of A' and B' over ip is the cochain complex {C*{A',B*),Sc) 
defined by 

and 

Scib,a) = iSBib) + ^{a),-SAia)), (6, a) e 
The minus sign in Sa is to ensure that 6c ° Sc — 0. For more details sec, for example, Weibel[5^. 



9.3. Let (£, (g)) be a iC-linear Gray semigroup, and let's consider the general pentagonator- 
deformation complex defined in Section 7. The associator a of £ being trivial, this 
complex reduces to 

X;rnti<0 = PseudMod(l„, 1„), n > 1 

where 1„ is the pseudonatural isomorphism 1„ : ®(n) whose structural 1- and 2- 

isomorphisms are all identities, while the coboundary is given by 

n 

{Spent{n))xo,... ,X„ = Ijdxo ®^Xu... +X!(^^)'"-^o— + (- l)"^^njfo,... ,X„-i ® ljdx„ 

(in this case, the padding operators are superfluous). Notice that a generic element n G Xp^^{it), 
n > 1, is just a collection of 2-morphisms nxi,...,x„ ■ idxi®---®Xr^ =^ *c?Xi(8 - ®x„, for all objects 
(Xi,... ,X„) of 

Let us consider, on the other hand, the complex (X°'*(£), 6y) corresponding to the first column of 
the extended double complex of (£, ®). We can define i^-linear maps Lp : Xpg^j(£) — > X'^'"^^(£), 
n > 1 by 

(v(n))(/i, ■•■,/«) = nx|,... .x; o l/i«.---®/„ - l/i«....(»/„ o nxi,... ,x„ 
for aU 1-morphisms (/i, ...,/„): (Xi, ... , X„) {X[, . . . , X'^) of 

Proposition 9.1. The above maps ip, : X'g„j(C) — > X^'*{€) define a morphism of cochain 
complexes. 
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Proof. Let n G X^ent(^)- Then, we have 

(J„(^(n)))(/o, ...,/„) = (^(n))(/i, ...,/„) + 

n 

+ ^(-ir(^(n))(/o, . . . , ® /„ . . . , /„) + 

i=l 

+ (-ir+iMn))(/o,... ,/„-i)®l/„ 
= -I/O ® (l/i®-®/„ °nA'i,...,x„) + 

n 



i=l 



- (-l)"+'(l/o®-®/„_i ° nxo,...,x„_J ® l/„ + 

+ (-l)"+^(n;f.,._x;_^ o ® l/„ 

(the reader may easily check that the padding operators appearing in the definition of 5y are indeed 
trivial in this case). Now, since £ is a Gray semigroup, it is (8)((/o, /i® - • ■(E)fn), {idxo ; idxi(^---®x„)) = 
%{{idxo,idxi®-®x„), (/o, /i ® • • • ® /„)) = l/o®---®/„- Therefore, using Equation {A®1), we get 

l/o ® (l/i «.-■»/„ onXi,...,X,.) = l/o«.--«./„ ° (l^dxo ®'^X^.,...,X,^ 

l/o ® o l/i<»---®/„) = (lidxo ® "x;,---,^;) ° l/o»--®/,. 

The last two terms are treated similarly. It follows immediately that 5„{'^{n)) = (/3((5pent(n)), as 
required. □ 

Remark 9.2. Notice that the pentagonator-deformation subcomplex X*^^^{€) C is noth- 

ing more that the kernel of this morphism Lp. 

Associated to this cochain map, there is the corresponding cone complex, which will be denoted 
by (.Xpent,ass'K^)^^pent,ass)- By definition 

with coboundary map 6pent,ass ■ X'p\^t ,^^^{€) — > X^g+J^,,(G:) given by 

Spent.assi4>,^) {Sy{(f)) + ip{n) , Spent (n)) 

for all (0, n) G Xp^nt assi^)- We have the following modified version of the extended double complex 

of(e:,®): 

Proposition 9.3. Let's substitute the first column {X^'*(€),Sv) of the extended double complex 
{X*'*(<t),Sh,Sv) o/ (£, (g)) for the previous cone complex {X'ent fj^gg{<t), Spent,ass), and the cobound- 
ary maps Sh : X°'''{€) — ^ ^^'"(e:), n > 0, for the maps 6',^ : xj^e,it,ass{'^) — ' ^^'"(C) given by the 
projection to followed by Sh- Then, the resulting collection of K -vector spaces and linear 

maps is a double complex (see Fig. [7J 

Proof. By the way the 5^ are defined, it is clear that the new rows are cochain complexes. So, we 
only need to see that the squares on the left of Fig???? still commute. Let (0, n) G -'^pent,ai5s(^)- 
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^pent,ass 

A t 

'^pent.ass 
^pent,ass 



A 
A 



A 
A 

x2'0(c:) 



5h 



Figure 12. The modified double complex of a Gray semigroup 



Since the coboundary maps 6h, 5v commute, we have 



Therefore, the proof reduces to show that the term Sfi{(p{n)) is zero for all n S Now, by 

definition of 5^ and ip, we have 

S^ipinMf^, . . . , a, (/o, . . . , /„)) = ri/,58...8/4 o (^(n))(/o, . . . , /„)] 

- r(^(n))(/^°/o,... ,/>/n)l 

+ r(¥>(n))(/^,... ,/;)ol/„«...«^.J 

+ ri(/^o/o)«.---®(/4o/„) onxo,...,x„l 

- nx^',... o l(/^o/o)(»-.-«)(/;o/„)1 



Since £ is a 2-category, the second and fifth terms clearly cancel out each other. On the other hand, 
using again that £ is a 2-category and the interchange law and the naturality of the 2-morphisms 
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^{n + l)((/o, • ■ • , fL), ifo, ■■■ , fn)) in ... , /;), (/o, . . . , /„), we have 

ri/,5«'--i»/;°(i/o«'--®/„ ° nxo,...,x,.)i = 

= (g)(n + l)((/o, . . . , fn), (/o, . . . ,/„)) • (l(/^(x)---(»/;)o(/o(»--®/„) ° njfo,...,x„) 

= ((8)(n + l)((/o, • ■ • , f^), ifo, ... , fn)) o Udxo».-.»x„) ■ (l(/^«>--8/;)o(/o®---(»/„) ° nxo,...,x„ 
= + l)((/o, . . . , fn), ifo, ■■■ , fn)) ■ l(/^8---(»/;)o(/o«i-®/„)) o njfo,... ,X„ 

= (l(/^o/o)(x,...8(/4o/„) • ®in + l)((/o, • ■ • , Z;^), (/o, ■ • ■ , /«))) o nxo,... ,x„ 

= (l(/^o/o)8,...0(/;o/„) onxo,...,x„) • + . ,/;,),(/o,.. . ,/„))) 

= ri(/o°/o)«'---®(/;,o/„) onxo,...,x„l 

Therefore, the first and third term above also cancel out each other. The same thing can be shown 
similarly for the fourth and sixth terms. □ 

This new double complex will be called the modified extended double complex of (£, ®), and 
denoted by X^A^)- So 

x"'"rc:) = / ® ^pent(e:) if m o, n > o 

mod\ I -y X'"'"(G:) if?71>l,71>0 

For short, the corresponding horizontal and vertical coboundary maps will be denoted by (5^ and 
6'^, respectively. But remind that 5'^ = 5v except for the first column, where 5'^ = Spent,ass, and 
that 6'i^ = Sh except for m = 0, where it is the projection to the first component followed by Sh. 

9.4. Let us proceed now as in Section 8 and consider the double complex obtained from -^^'(^(C) 
after deleting the first row. It will be the modified double complex of ((£:, (g)). Furthermore, let's take 
the subcomplex X'^*^ ^(C) of this modified double complex corresponding to the special elements. 

These arc defined in the same way as in Section 8 for all m > l,n > 1, while ((/),n) G x'^^^i^t), 
n > 1, is called special whenever (j> is special. We leave to the reader to check that special 
elements are preserved by the coboundary maps S',^,S'^, so that ^^'^^(C) is indeed a double 
complex (the modified special double complex of (£, (g))). Then, we can consider the associated 
total complex, which will be denoted by X'^ui^), ^^'^ called the unitary deformation complex of 
the Gray semigroup (€, ®). By definition 

XLu{^)= XZl.{<^), q>l 

m + n = q 
m > 0, n > 1 

and the coboundary operator Sunit ■ X'^^ui'^) — > -'^™/t('^) 

Sumt= + q>l 

m + n = q 
m > 0, n > 1 

If i/*„jj(£) denote its cohomology groups, we have then the following final theorem, which says 
that this is the right cochain complex describing the generic unitary deformations: 

Theorem 9.4. Given a K -linear Gray semigroup (£, (8)); the equivalence classes of its first order 
unitary deformations are in bijection with the elements of H^^iti^)- 
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Proof. Let's consider 2-isomorphisms of the form 



§.((/', 5'), (/, 9)) - ®((/', 5'), (/, 9)) + ®^'\(/', 5'), (/, 9)) 



0.^X1, g,h) = lf^g^h + a^^Hf,g,h)e 

{'^e)x.Y,Z,T = ljdx»y®z»T + {'^''^^ ) X,Y.Z,Te 



with®^'\{f,g'),{f,g)) ■■ {r®g')o{f®g)=^{rof)®{g'og),Z(^){f,g,h): f®g®h^ f®g®h 
and T^'x^Y ZT ■ idx(^Y®z®T ===> idx^YigiZ^T- In particular, the tt^Vzt clearly define an element 

Then, applying Proposition [f.lO| , it follows that the above 2-isomorphisms define a semigroupal 
structure on C^j^j (hence, a first order unitary deformation of £) if and only if: 

Agl: The ®'^\{f',g'), if,g)) define an element e = X,^„L(^)- 

A§)2: is such that = 0. 

A(g)3: 0*'"'^^ is special. 

Aal: The a^^Hf,g,h) define an element a^^) e X°'^{€) C X^^^^g^) ^ ^a^^^^^g-^ ^ ^!^L(^)- 

Aa2: a^^) and ^"^^^ are such that 5h{a^'^'>) + Sy{^'^^^) = 0. 
Aa3: a'^' is special. 

AttI: and tt^^) arc such that (5„(a(i)) + ^(7r(i)) = 0. 
A7r2: tt^^) is such that Spenti'^'^^^) = 0. 

Now, TT^i) e X^^„t(G:) together with (A^l), (A®3) and (Aal), (Aa3) say that 

((a(i),7r(i)),§<'^) e (x,"^2(g:) ©x3^„,((!:)) ©xi-i(c:) = x1,,(g:) 

On the other hand, we have 

Hence, (AttI), {At:2), {Aa2) and (A(§2) together exactly say that ((a^^^ tt^^)), S'^') is a 2-cocycle. 

Let's consider (((a^^^)', (tt^^^)'), (®^^'')') another 2-cocycle defining an equivalent first order uni- 
tary deformation of £. Then, by Proposition ^.14 applied to our situation, there exists 2-morphisms 
: f'^g =^ f®9 and (u;(i))x,y,z : idxtsvcsz =^ idx^vtsz (in particular, w^^^ £ X^^^^{(t)) 

such that 

E^l: The $'^^Hf,g) define an element $'^^'> e X°'^€). 
Eg2: (§Wy_g(i) 

E^/^S: is special. 

Etjl: (S(i))'-a(i) J„(V^(i)) + (p(a'(i)) 
E^2: (^(i))'-^(i) = -<5p,„i(a;(i)) 

The first and third conditions together say that (?^(i),w(i)) e X°'i(£)©X2g„j(£) = X^;^^ _,(£) = 
-^uniti^)- ^^'^ other hand, the reader may check that 

SumS^'\Lo^'^) = ((<5„(^(i)) + ^(a;(i)),-<5pent(c^^'))),-5/.(^('))) 
so that the remaining conditions just say that 

(((a(i))', (tt^))'), (®*'V) - ((2'^', vr(i)), g^'^) = <5.„.,(V^(i) , a;^) 
Hence, both 2-cocycles are cohomologous, as required. □ 
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10. Concluding remarks 

The present work is not intended to give the complete picture of the theory of infinitesimal 
deformations of a monoidal 2-category. Indeed, various points still remain for future work. Among 
them, let us mention the following: 

1: There is the all- important question of the higher-order obstructions. This turned out to be 
the most difficult point in the cohomological deformation theory for monoidal categories first 
initiated by Crane and Yetter |^ and further developped by Yetter We guess that our 
cohomological description also fits nicely into the general picture established by Cerstenhaber 
for a good deformation theory jllj. But as already mentioned, this is left for a future work. 

2: As stated at the beginning of this work, the ultimate goal should be to get a cohomological 
description of the infinitesimal deformations of a monoidal 2-catcgory. Hence, it also deserves 
further work the question of how to take into account the additional unital structure in the 
whole theory. In the case of monoidal categories, Yetter has shown that the deformations 
of this additional structure arc already determined by those of the semigroupal structure. It 
seems possible that the same situation reproduces in our framework. 

3: Finally, in the present work we have restricted our attention to those infinitesimal defor- 
mations of the semigroupal 2-category (£, (g), a, tt) such that the bicategory structure of £ 
remains undeformed. But, as pointed out previously, this structure can also be deformed. 
As regards this point, notice that the elements </> G X^'^{(t) of our extended double complex 
are of the form 

(t>{h, gj) : hogof=^hogof 
(we are thinking of a Gray semigroup, so that parenthesis are not needed here). This suggests 
that the possible deformations of the bicategory structure of £ may be related to such elements 
(j) e In this sense, the situation can once more resemble that encountered in the 



deformation theory of a bialgebra. Indeed, it can be shown (see |lj], 31 ,[£2|) that the 
right cochain complex describing the deformations of a bialgebra as a quasibialgebra (i.e., 
coassociative only up to conjugation) is precisely that associated to the double complex 
obtained after adding the bottom row of the full Gerstenhaber-Schack complex, which had 
to be deleted to study the deformations in the bialgebra setting. In our case, the weakening of 
the coassociativity condition should correspond to the weakening of the 2-category condition 
c^h,g,f = ^hogof- It seems possible, then, that taking into account the deleted bottom row in 
our double complex is just the only step needed to consider these more general deformations 
of €. 

Another important point not addressed in this paper, and which we are currently working on, is 
the question of examples. In particular, a simple example of a i^-linear Gray semigroup where our 
theory can be applied is that introduced by Mackaay j2^, denoted by N(G', H, K*), and associated 
to a pair of finite groups G, H (with H an abelian group); it includes as a special case the (semistrict 
version of) the monoidal 2-category of 2-vector spaces. More interesting examples, however, are 
expected to come from the 2-categories of representations of the Hopf categories associated to 
quantum groups, whose construction was sketched by Crane and Frenkel 

Finally, let us finish by mentioning the interest our work may have for homotopy theory. In- 
deed, since Grothendieck [|l^, it was suspected that homotopy n-types were somewhat equivalent 
to certain algebraic structures called weak n-groupoids, which should be a particular kind of weak 
n-categories characterized by the fact that all morphisms are invertible up to suitable equivalence. 
Recently, Tamsamani realized this idea, giving a precise definition of a weak n-groupoid, for any 
non-negative integer n, together with a suitable notion of equivalence, and showing that the equiv- 
alence classes of weak n-groupoids bijectively correspond to homotopy classes of n-anticonnected 
CW-complexes. Since weak 3-groupoids with one object should correspond to a special type of 
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semigroupal 2-catcgories, it naturally raises the question about the meaning our cohomology theory 
has in this topological setting. Such a relation between certain monoidal 2-categories and homo- 
topy 3- types has recently been discussed by Mackaay ||2^, who conjectures that the classification 
of semi-weak monoidal 2-category structures on the above mentioned 2-category N(G', iJ, K*) boils 
down to the classification up to homotopy equivalence of connected 3-anticonnected (>l-simplc) 
CW-complexes X with tti{X) = G, '!T2{X) = H and tt3{X) = K*. Via Postnikov's theory, this leds 
him to conjecture a bijection between the equivalence classes of semi-weak monoidal 2-category 
structures on N{G, H, K*) and pairs of cohomology classes a S H^{Bc,H) and /3 £ H'^{W{a), K*) 
{W{a) denotes a certain CW-complex induced by a; see p5|). 
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